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LOCAL-GLOBAL PRINCIPLE FOR UNITARY GROUPS OVER
FUNCTION FIELDS OF p-ADIC CURVES
R. PARIMALA AND V. SURESH
Abstract. Let K be a p-adic field and F the function field of a curve over K.
Let G be a connected linear algebraic group over F of classical type. Suppose the
prime p is a good prime for G. Then we prove that projective homogeneous spaces
under G over F satisfy a local global principle for rational points with respect to
discrete valuations of F . If G is a semisimple simply connected group over F , then
we also prove that principal homogeneous spaces under G over F satisfy a local
global principle for rational points with respect to discrete valuations of F .
Let k be a number field and G a semisimple simply connected linear algebraic
group over k. Classical Hasse principle asserts that a principal homogeneous space
under G over k has a rational point if it has rational points over all completions of k.
This is a theorem due to Kneser (classical groups), Harder (for exceptional groups
other than E8) and Chernousov (for E8). Harder also proves a Hasse principle for
rational points on projective homogeneous spaces under connected linear algebraic
groups over k.
Questions related to Hasse principle have been extensively studied over ‘semiglobal
fields’, namely function fields of curves over complete discretely valued fields with
respect to their discrete valuations. Considerable progress is has been made possible
due to the patching techniques of Harbater, Hartmann and Krashen. One could look
for analogous Hasse principles for simply connected groups in this context. However
Hasse principle fails for simply connected groups in this generality ([9]). If K is a
p-adic field and G is semisimple simply connected quasi split linear algebraic group
over the function field of a curve over K with p 6= 2, 3, 5, it was proved in ([8]) that
Hasse principle holds for G. This led to the following two conjectures ([8]).
Let F be the function field of a p-adic curve and ΩF the set of all discrete valuations
of F . For ν ∈ F , let Fν be the completion of F at ν.
Conjecture 1. Let Y be a projective homogeneous space under a connected linear
algebraic group G over F . Then Y satisfies Hasse principle with respect to ΩF .
Conjecture 2. Let G be a semisimple simply connected linear algebraic group over
F and Y a principal homogeneous space under G over F . Then Y satisfies Hasse
principle with respect to ΩF .
There has been considerable progress towards these conjectures for classical groups
in the ‘good characteristic case’. Let G be a semisimple simply connected linear
algebraic group of classical type over F . We say that the prime p is good for G, if
p 6= 2 for G of type Bn, Cn, Dn (D4 non trialitarian) and p does not divide n+1 for
G is of type 1An and p does not divide 2(n + 1) for G is of type
2An. Let G be any
connected linear algebraic group over F . We say that G is of classical type if every
factor of the simply connected cover G˜ of the semi-simplification of G/Rad(G) is of
classical type. We say that p is good for G if p is good for every factor of G˜.
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Suppose p 6= 2. It was proved in ([8]) that a quadratic form q over F of rank at
least 3 is isotropic over F if and only if q is isotropic over Fν for all ν ∈ ΩF . A local
global principle for generalized Severi-Brauer varieties, under an assumption on the
roots of unity in F , is due to Reddy and Suresh ([32]). Let A be a central simple
algebra over F with an involution σ of either kind. If σ is of the second kind, then
assume that ind(A) ≤ 2. Let h be an hermitian form over (A, σ). Then Wu ([34])
proved the validity of conjecture 1 for the unitary groups of (A, σ). Hence conjecture
1 holds for all groups of type Bn, Cn, Dn and for special groups of type
1An and
2An
in the good characteristic case ([34, Corollary 1.4]).
Conjecture 2 for groups of type Bn, Cn, Dn is due to Hu and Preeti independently
([16], [29]). Conjecture 2 for G = SL1(A) with index of A square free is a consequence
of the injectivity of the Rost invariant due to Merkurjev-Suslin ([24]) and a result of
Kato ([17]) on the injectivity of H3(F,Q/Z(2))→ ∏ν∈ΩF H3(Fν ,Q/Z(2)). The case
2An, namely the unitary groups of algebras of index at most 2 with unitary involution
is due to Hu and Preeti ([16], [29]).
The two main open cases concerning Conjectures 1 and 2 for classical groups were
types 1An and
2An. The Conjecture 2 for
1An, namely a local global principle for
reduced norms in the good characteristic case was settled by the authors and Preeti
([27]).
The aim of this paper is to settle Conjecture 1 and Conjecture 2 in the affirmative
in the good characteristic case for all groups of types 1An and
2An, thereby completing
the proof for all classical groups in the good characteristic case. In fact we prove the
following.
Theorem 0.1. (cf. 11.1) Let K be a p-adic field and F the function field of a smooth
projective curve over K. Let A be a central simple algebra over F of index coprime
to p. Then Conjecture 1 holds for PGL(A).
Theorem 0.2. (cf. 12.3) Let K be a p-adic field and F0 the function field of a
smooth projective curve over K. Let F/F0 be a quadratic extension and A be central
simple algebra over F of index n with an F/F0- involution σ. Suppose that 2n is
coprime to p. Let h be an hermitian form over (A, σ). If A = F , then assume that
the rank of h is at least 2. Then Conjecture 1 holds for U(A, σ, h).
Theorem 0.3. (cf. 14.1) Let K be a p-adic field and F0 the function field of a
smooth projective curve over K. Let F/F0 be a quadratic extension and A a central
simple algebra over F of index n with an F/F0- involution σ. Suppose that 2n is
coprime to p. Then Conjecture 2 holds for SU(A, σ).
As a consequence we have the following.
Theorem 0.4. (cf. 15.1) Let K be a p-adic field and F the function field of a
smooth projective curve over K. Let G be a connected linear algebraic group over F
of classical type (D4 nontrialitarian) with p good for G. Then Conjecture 1 holds for
G.
Theorem 0.5. (cf. 15.2) Let K be a p-adic field and F0 the function field of a smooth
projective curve over K. Let G be a semisimple simply connected linear algebraic
group over F with p good for G. If G is of classical type (D4 nontrialitarian), then
Conjecture 2 holds for G.
Here is an outline of the structure of the paper. The plan is to reduce the questions
on local global principle with respect to discrete valuations to one for the patching
LOCAL-GLOBAL PRINCIPLE 3
fields in the setting of Harbater, Hartmann and Krashen ([12]) and then to deal with
the question in the patching setting. The reduction to the patching setting requires
an understanding of the structure of central simple algebras with involutions of the
second kind over the branch fields ([12]), which are 2-local fields. This leads to
the study of cyclic extensions over quadratic extensions of local fields with zero
corestriction. Let F0 be a field, F/F0 be a quadratic extension and L/F a cyclic
extension of degree coprime to char(F0). It was proved in ([10, Proposition 24])
that the corestriction of L/F from F to F0 is zero if and only if L/F0 is a dihedral
extension. In §3 we reprove this statement for the sake of completeness and deduce
some consequences for dihedral extensions. In §2 we study dihedral extensions over
an arbitrary fields. In §4 we describe all dihedral extensions over local fields. In §6
and §9 we describe the structure of central simple algebras with unitary involutions
over 2-local fields and 2-dimensional complete fields with finite residue fields. These
fields surface in the patching setting. In §7, we show that the reduced Whitehead
groups over 2-local fields are trivial. In §11, we prove a local global principle for
generalized Severi-Brauer varieties without any assumption on the existence of roots
of unity, completing the proof of Conjecture 1 for groups of type 1An. In §12, we
prove a local global principle for isotropy of hermitian forms over division algebras
with unitary involutions. The idea is to construct good maximal orders invariant
under involution over 2-dimensional complete regular local rings. This is possible
due to the complete understanding of the structure of the algebras with unitary
involutions studied in §6. This settles Conjecture 1 for groups of type 2An in the
good characteristic case. In §13, we prove the local global principle for principal
homogeneous spaces under simply connected unitary groups in the patching setting.
Finally, in §14 we prove the local global principle for special unitary groups with
respect to discrete valuations, thereby completing the validity of Conjecture 2 for
groups of type 2An. More generally (cf. 15), we prove Conjectures 1 and 2 for groups
of classical type over function fields of curves over local fields.
Throughout this paper, a projective homogeneous space Z under a connected
linear algebraic group G is a projective variety Z with transitive G-action over the
separable closure such that the stabilizer is a parabolic subgroup.
1. Preliminaries
Lemma 1.1. Let Fq be the finite field with q elements and Fq2 the degree two ex-
tension of Fq. Suppose q is odd and
√−1 6∈ Fq. Then Fq2 = Fq(
√−1). Let d be
the maximum integer such that Fq2 contains a primitive 2
d-th root of unity ρ. Then
NF
q2
/Fq(ρ) = −1.
Proof. Since
√−1 6∈ Fq and q is odd, we have F∗q/F∗2q = {1,−1}. Since there is
a unique extension of degree 2 of Fq, Fq2 = Fq(
√−1). Let d be the maximum
integer such that Fq2 contains a primitive 2
d-th root of unity ρ. Since there is no
2d+1-th primitive root of unity in Fq2, ρ 6∈ F∗2q2 . Hence F∗q2/F∗2q2 = {1, ρ}. Since
NF
q2
/Fq : F
∗
q2 → F∗q is surjective, NFq2/Fq : F∗q2/F∗2q2 → F∗q/F∗2q is surjective. Hence
NF
q2
/Fq(ρ) = −1. 
Corollary 1.2. Let K0 be a local field and K/K0 the quadratic unramified extension.
Suppose that the characteristic of the residue field of K0 is odd and
√−1 6∈ K0. Then
K = K0(
√−1). Let d be the maximum integer such that K contains a primitive 2d-th
root of unity ρ. Then NK/K0(ρ) = −1.
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Lemma 1.3. Let Fq be the finite field with q elements and Fq2 the degree two exten-
sion of Fq. Let m ≥ 1. Suppose q is odd and
√−1 6∈ Fq. If Fq2 contains a primitive
2m+1-th root of unity, then F∗q ⊂ F∗2mq2 .
Proof. Since
√−1 6∈ F∗q, the only 2m-th roots of unity in Fq are ±1. Hence we have
an exact sequence of groups 1 → {±1} → F∗q → F∗2nq → 1, where the last map is
given by x → x2n . Thus the order of F∗q/F∗2mq is 2. Since −1 6∈ F∗2q , −1 6∈ F∗2mq
and F∗q = F
∗2m
q ∪ (−1)F∗2mq . Since F∗q2 contains a primitive 2m+1-th root of unity,
−1 ∈ F∗2mq2 . Thus F∗q ⊂ F∗2
m
q2 . 
Corollary 1.4. Let K0 be a local field and K/K0 the quadratic unramified extension.
Suppose that the characteristic of the residue field of K0 is odd and
√−1 6∈ K0. Let
m ≥ 1. If K contains a primitive 2m+1-th root of unity, then every unit in the
valuation ring of K0 is in K
∗2m.
Lemma 1.5. Let Fq be the finite field with q elements. Let m ≥ 1 be coprime to q.
Suppose that Fq does not contain any nontrivial m
th root of unity. Then F∗q = F
∗m
q .
Proof. Since F∗q does not contain nontrivial m
th root of unity, the only mth root of
unity in Fq is 1. Hence the homomorphism F
∗
q → F∗mq , x 7→ xm , is an isomorphism.
Thus F∗q = F
∗m
q . 
Corollary 1.6. Let K0 be a local field. Let m ≥ 1 be coprime to the characteristic
of the residue field of K0. Suppose that K0 does not contain any nontrivial m
th root
of unity. Then every unit in the valuation ring of K0 is in K
m
0 .
Let F be a discretely valued field with the valuation ring R and residue field K.
We say that an element a ∈ F is a unit in F if a ∈ R is a unit. Let n ≥ 1 be
an integer coprime to char(K). Then we have the residue map ∂ : Hd(F, µ⊗in ) →
Hd−1(F, µi−1n ). Let H
d
nr(F, µ
⊗i
n ) be the kernel of ∂. An element α ∈ Hdnr(F, µ⊗in )
is called an unramified element. If F is complete, then we have an isomorphism
Hd(K,µ⊗in ) ≃ Hdnr(F, µ⊗in ).
We end this section with the following result on reduced norms.
Proposition 1.7. Let K be a global field with no real orderings and F a complete
discretely valued field with residue field K. Let A be a central simple algebra over F
of index n coprime to char(K). Let (L, σ) ∈ H1(K,Z/nZ) be the residue of A. Let
θ ∈ F ∗ be a unit. If the image of θ ∈ K∗ is a norm from the extension L/K, then θ
is a reduced norm from A.
Proof. Let E/F be the unramified extension with residue field L and σ˜ a generator
of Gal(E/F ) lifting σ. Let R be the valuation ring of F and π ∈ R be a parameter.
Then A = A0 + (E, σ˜, π) for some central simple algebra A0 over F representing a
class in H2nr(F, µn) (cf. [27, Lemma 4.1]). Since F is complete and the image of θ in
K is a norm from L/K, θ is a norm from E/F . Hence (E, σ˜, π)·(θ) = 0 ∈ H3(F, µ⊗2n ).
Since A0 is unramified on R and θ is a unit, A0 ·(θ) ∈ H3nr(F, µ⊗2n ). SinceK is a global
field with no real orderings, cd(K) = 2 and H3(K,µ⊗2n ) = 0. Hence H
3
nr(F, µ
⊗2
n ) = 0
and A0 · (θ) = 0. In particular A · (θ) = 0 ∈ H3(F, µ⊗2n ) and by ([27, Theorem 4.12])
θ is a reduced norm from A. 
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2. Dihedral Extensions
Let G be a dihedral group of order 2m ≥ 4. Let σ and τ be the generators of G
with σm = 1, τ 2 = 1 and τστ = σ−1. The subgroup generated by σ is the rotation
subgroup of G and for 0 ≤ i ≤ m− 1, σiτ are the reflections.
Let F0 be a field and E/F0 a field extension. We say that E/F0 is a dihedral
extension if E/F0 is Galois with Galois group isomorphic to a dihedral group. In
this section we prove some basic facts about dihedral extensions.
Lemma 2.1. Let F0 be a field and E/F0 a dihedral extension. Let F be the fixed of
the rotation subgroup of Gal(E/F0). If M/F is a sub extension of E/F with M 6= F ,
then M/F0 is a dihedral extension.
Proof. Let Gal(E/F0) be generated by σ and τ with σ
m = 1, τ 2 = 1 and τστ = σ−1.
Then E/F is cyclic with Gal(E/F ) generated by σ. Let M/F is a sub extension of
E/F . The extension M/F is cyclic with Gal(M/F ) generated by the restriction of
σ to M . Since M = Eσ
i
for some i and τσiτ = σ−i, the extension M/F0 is Galois
with the Gal(M/F0) generated by the restriction of σ and τ to M . Since M 6= F ,
the restriction of σ to M is nontrivial. Since F ⊂ M , the restriction of τ to M is
nontrivial. Hence M/F0 is dihedral. 
Lemma 2.2. Let E/F0 be a dihedral extension and F the fixed field of the rotation
subgroup of Gal(E/F0). Let F0 ⊆ L ⊆ E with F 6⊂ L. If L/F0 is Galois, then
[L : F0] ≤ 2.
Proof. Suppose that F 6⊂ L and L/F0 is Galois. LetM = FL. Suppose that L 6= F0.
ThenM 6= F and henceM/F0 dihedral (2.1). Since F 6⊂ L, [M : F ] = [L : F0]. Since
L/F0 and F/F0 are Galois extensions, M/F0 is Galois with Gal(M/F0) isomorphic
to Gal(L/F0)×Gal(F/F0). Since the only dihedral group which is isomorphic to a
direct product of two nontrivial subgroups is Z/2× Z/2, [L : F0] = 2. 
Lemma 2.3. Let F0 be a field and E/F0 a dihedral extension of degree 2m and F
the fixed field of the rotation subgroup of Gal(E/F0). Then there exist exactly m
subfields E ′ of E containing F0 with [E ′ : F0] = [E : F ] and E ′F = E. Further if E ′
is any such subfield of E and ℓ1, ℓ2, · · · , ℓr is any sequence of prime numbers with
[E : F ] = ℓ1 · · · ℓr, then there exist subfields F0 = L0 ⊂ L1 ⊂ · · · ⊂ Lr = E ′ with
[Li : Li−1] = ℓi.
Proof. Let σ be a generator of the rotation subgroup of Gal(E/F0) and τ a reflection.
For 0 ≤ i ≤ m− 1 i, let Ei = Eτσi the subfield of E fixed by τσi. Then [E : Ei] = 2,
[Ei : F0] = m and EiF = E. Since only elements of order 2 in Gal(E/F0) which
are not identity on F are the reflections τσi, 0 ≤ i ≤ m − 1, any E ′ with the given
properties coincides with Ei for some i.
Let E ′ = Ei for some i. Suppose m = ℓ1 · · · ℓr with ℓj ’s primes. Since E/F is
a cyclic extension, there exist subfields F = M0 ⊂ M1 ⊂ · · · ⊂ Mr = E such that
[Mj : Mj−1] = ℓi for all i. Then Lj = E ′ ∩Mj have the required property. 
Lemma 2.4. Let F0 be a field and F/F0 a quadratic Galois extension. Let m ≥ 2 be
coprime to char(F0). Suppose that F contains a primitive m
th root of unity ρ. Let
a ∈ F ∗0 . Suppose that [F ( m
√
a) : F ] = m. Then F ( m
√
a)/F0 is dihedral if and only if
NF/F0(ρ) = 1.
Proof. Let E = F ( m
√
a) and E ′ = F0( m
√
a). Since a ∈ F ∗0 , we have E = E ′F . Since
[E : F0] = 2m, we have [E : E
′] = 2. Let σ be the automorphism of F ( m
√
a) given by
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σ( m
√
a) = ρ m
√
a and τ the nontrivial automorphism of E/E ′. Since τ is nontrivial on
F , it follows that τ 6= σi for any i. Hence E/F0 is Galois and Gal(E/F0) is generated
by σ and τ . Since the order of σ is m and τ 2 = 1, Gal(E/F0) is dihedral if and only
if τστ = σ−1.
We have τστ( m
√
a) = τσ( m
√
a) = τ(ρ m
√
a) = τ(ρ) m
√
a = τ(ρ)ρρ−1 m
√
a = τ(ρ)ρσ−1( m
√
a).
Hence τστ = σ−1 if and only if NF/F0(ρ) = τ(ρ)ρ = 1. 
We end this section with the following:
Lemma 2.5. Let F0 be a field and n ≥ 2 an integer with 2n coprime to char(F0).
Let E/F0 be a dihedral extension of degree 2n and σ and τ generators on Gal(E/F0)
with σ a rotation and τ a reflection. Let F = Eσ and Ei = E
σiτ for 1 ≤ i ≤ n. Let
M/F0 be a field extension. Suppose F ⊗F0 M is a field and E⊗F0 M is isomorphic to∏n
1 (F ⊗F0M). Then there exists i such that Ei⊗F0M ≃ M×E ′i for some M-algebra
E ′i.
Proof. The proof is by induction on n. Suppose that n = 2. Then F = F0(
√
a),
E1 = F0(
√
b), E2 = F0(
√
ab) and E = F (
√
b). Suppose that M(
√
a) = F ⊗F0 M is
a field and E ⊗F0 M is not a field. Then a is not a square in M and E ⊗F0 M ≃
M(
√
a) ×M(√a). Then either b is a square in M or ab is a square in M . Thus
either E1 ⊗F0 M ≃M ×M or E2⊗F0 ≃M ×M .
Suppose n ≥ 3. Suppose that M(√a) = F ⊗F0 M is a field and E ⊗F0 M ≃∏n
1 M(
√
a).
Suppose n is odd. Since Ei ⊗F0 F ≃ E and F/F0 is of degree 2, it follows that
Ei ⊗F0 M ≃
∏r
1M ×
∏s
1M(
√
a). Since [Ei : F0] = n is odd, r ≥ 1.
Suppose that n is even. Then, by (2.3), there exists a quadratic extension F1/F0
contained in E and F1 6= F . Let F ′ = FF1. Then F ′/F0 is a biquadratic extension.
Hence there is a quadratic extension F2/F0 contained in F
′ with F 6= F2 and F1 6= F2.
Further every quadratic extension of F0 contained in E is either F or F1 or F2. Since
every Ei contains a quadratic extension of F0 (2.3) and F 6⊂ Ei, half of Ei contain
F1 and the remaining half of Ei contain F2. Further E/F1 and E/F2 are dihedral
extensions of degree n.
Since E ⊗F0 M ≃
∏n
1 M(
√
a), F ′ ⊗F0 M ≃ M(
√
a)×M(√a). Thus, by the case
n = 2, either F1⊗F0 M ≃M×M or F2⊗F0 M ≃M×M . Without loss of generality,
assume that F1 ⊗F0 M ≃ M ×M . Then F1 is isomorphic to a subfield of M and
hence M/F1 is an extension of fields.
Since F ′ = F1(
√
a) and a is not a square inM , F ′⊗F1M is a field. Since E⊗F0M ≃
E⊗F1F1⊗F0M ≃ E⊗F1 (M×M) ≃ E⊗F1M×E⊗F1M and E⊗F0M ≃
∏n
1 M(
√
a), it
follows that E⊗F1M ≃
∏n/2
1 M(
√
a). Since E/F1 is dihedral and [E : F1] < [E : F0],
by induction, there exists an i such that Ei⊗F1M ≃ M×E ′′i for someM-algebra E ′′i .
We have Ei⊗F0 M ≃ Ei⊗F1 F1⊗F0 M ≃ Ei⊗F1 (M ×M) ≃ Ei⊗F1 M ×Ei⊗F1 M ≃
M × E ′′i × Ei ⊗F1 M . Hence Ei ⊗F0 M ≃ M × E ′i for some E ′i. 
3. Corestriction of Cyclic Extensions over Quadratic Extensions
In this section we realize cyclic extensions over quadratic extensions with core-
striction zero as dihedral extensions.
Let K be a field and A a Galois module over K. For n ≥ 0, let Hn(K,A)
denote the nth Galois cohomology group with values in A (cf. [25, Ch. VI]). For an
extension of fields M/K, let res= resM/K : H
n(K,A)→ Hn(M,A) be the restriction
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homomorphism and for a finite extension L/K, let cores = coresL/K : H
n(L,A) →
Hn(K,A) be the corestriction homomorphism (cf. [25, p. 47]).
Let F0 be a field and F/F0 a Galois extension of degree 2. Let τ0 be the nontrivial
automorphism of F/F0. Let F be an algebraic closure of F . Let τ˜ ∈ Gal(F/F0) be
such that τ˜ restricted to F is τ0. Since τ˜ 6∈ Gal(F/F ) and [F : F0] = 2, Gal(F/F0) =
Gal(F/F )∪ Gal(F/F )τ˜ and τ˜ 2 ∈ Gal(F/F ). Let Homc(Gal(F/F ),Z/mZ) be the
group of continuous homomorphisms from Gal(F/F ) to Z/mZ with profinite topol-
ogy on Gal(F/F ) and discrete topology on Z/mZ. Since the action of Gal(F/F )
on Z/mZ is trivial, we have H1(F,Z/mZ) ≃ Homc(Gal(F/F ),Z/mZ). The group
Homc(Gal(F/F ),Z/mZ) also classifies isomorphism classes of pairs (E, σ) with E/F
a cyclic extension of degree dividing m and σ a generator of Gal(E/F ).
Lemma 3.1. Let φ ∈ Homc(Gal(F/F ),Z/mZ). Then cores(φ) : Gal(F/F0) →
Z/mZ is the homomorphism given by cores(φ)(θ) = φ(θ) + φ(τ˜ θτ˜−1) for all θ ∈
Gal(F/F ) and cores(φ)(τ˜) = φ(τ˜ 2).
Proof. See [25, p 53]. 
Proposition 3.2. (cf. [10, Proposition 24]) Let F0 be a field and F/F0 a quadratic
Galois field extension. Let E/F be a cyclic extension of degree m and σ a generator
of Gal(E/F ). Then coresF/F0(E, σ) is zero if and only if E/F0 is dihedral extension.
Proof. Since E/F is a cyclic extension with generator σ, we have an isomorphism
φ0 : Gal(E/F )→ Z/mZ given by φ0(σi) → i ∈ Z/mZ. Let φ : Gal(F/F )→ Z/mZ
be the composition Gal(F/F )→ Gal(E/F ) φ0→ Z/mZ. The pair (E, σ) corresponds
to the element φ in Homc(Gal(F/F ),Z/mZ). Then cores(φ) : Gal(F/F0) → Z/mZ
is the homomorphism given by cores(φ)(θ) = φ(θ) + φ(τ˜ θτ˜−1) for all θ ∈ Gal(F/F )
and cores(φ)(τ˜ ) = φ(τ˜ 2) (cf. 3.1).
Suppose coresF/F0(E, σ) is the zero homomorphism. Then cores(φ) : Gal(F/F0)→
Z/mZ is the zero homomorphism Let θ ∈ Gal(F/F ). Then 0 = cores(φ)(θ) =
φ(θ)+φ(τ˜θτ˜−1) and hence φ(τ˜ θτ˜−1) = −φ(θ). Suppose θ ∈ Gal(F/E) ⊆ Gal(F/F ).
Since Gal(F/E) is the kernel of φ, φ(τ˜ θτ˜−1) = −φ(θ) = 0 and hence τ˜ θτ˜−1 ∈
Gal(F/E). Since Gal(F/F0) is generated by Gal(F/F ) and τ˜ , Gal(F/E) is a normal
subgroup of Gal(F/F0). Hence E/F0 is a Galois extension.
Let us denote the restriction of τ˜ to E by τ . Since τστ−1 is identity on F and
E/F is Galois, τστ−1 ∈ Gal(E/F ). Let σ˜ ∈ Gal(F/F ) with restriction to E equal
to σ. Since φ(τ˜ σ˜τ˜−1) = −φ(σ˜) = φ(σ˜−1), it follows that φ0(τστ−1) = φ0(σ−1). Since
φ0 is an isomorphism, τστ
−1 = σ−1. Since φ(τ˜ 2) = cores(φ)(τ˜ ) = 0, it follows that
φ0(τ
2) = 0. Since φ0 is an isomorphism, τ
2 is the identity on E. Since Gal(E/F0)
is generated by σ and τ , with σm = 1, τ 2 = 1 and τστ−1 = σ−1, Gal(E/F0) is a
dihedral group of order 2m.
Conversely, suppose Gal(E/F0) is a dihedral extension. Since the subgroup of
Gal(E/F0) generated by σ is of index 2, Gal(E/F0) is generated by σ and τ with
τ 2 = 1 and τστ−1 = σ−1. Since τ 6= σi for all i, τ is not identity on F . Let τ˜ be
an extension of τ to F . Then, we have cores(φ)(θ) = φ(θ) + φ(τ˜ θτ˜−1) for all θ ∈
Gal(F/F ) and cores(φ)(τ˜ ) = φ(τ˜ 2) (3.1). Let θ ∈ Gal(F/F ). Since Gal(E/F ) is
cyclic and generated by σ, θ restricted to E is σi for some i. Since τσiτ−1 = σ−i,
θτ˜θτ˜−1 ∈ Gal(F/E). Since the kernel of φ is Gal(F/E), cores(φ)(θ) = φ(θ) +
φ(τ˜ θτ˜−1) = φ(θτ˜θτ˜−1) = 0 for all θ ∈ Gal(F/F ). Since τ 2 is identity on E, τ˜ 2 ∈
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Gal(F/E) and hence cores(φ)(τ˜ ) = φ(τ˜ 2) = 0. Since Gal(F/F0) is generated by
Gal(F/F ) and τ˜ , cores(φ) = 0. 
Corollary 3.3. Let F0 be a field and F/F0 a quadratic Galois extension. Let m ≥ 2
be coprime to char(F0). Suppose that F contains a primitive m
th root of unity ρ.
Let a ∈ F ∗0 . Suppose that [F ( m
√
a) : F ] = m. Let σ be the automorphism of F ( m
√
a)
given by σ( m
√
a) = ρ m
√
a. Then cores(F ( m
√
a), σ) is zero if and only if NF/F0(ρ) = 1.
Proof. The lemma follows from (3.2) and (2.4). 
Lemma 3.4. Let F0 be a field of characteristic not 2 and F/F0 a quadratic extension.
Let n ≥ 1. Let ρ be a 2n-th root of unity in F . Suppose that √−1 6∈ F0. Then
NF/F0(ρ) = ±1.
Proof. If n = 1, then ρ = −1 and hence NF/F0(−1) = (−1)2 = 1. Suppose n ≥ 2.
Let τ0 be the nontrivial automorphism of F/F0. Since ρ is a 2
n-th root of unity, τ(ρ)
is also 2n-th root of unity and hence ρτ(ρ) is a 2n-th root of unity in F0. Since ±1
are the only 2n-th roots of unity in F0, NF/F0(ρ) = ρτ(ρ) = ±1. 
Corollary 3.5. Let F0 be a field of characteristic not 2 and F/F0 a quadratic ex-
tension. Let n ≥ 2. Suppose that F contains a primitive 2n-th root of unity ρ and√−1 6∈ F0. Let a ∈ F ∗0 . Let 1 ≤ d ≤ n. Suppose that F [( 2d
√
a) : F ] = 2d. Let
σd be the automorphism of F ( 2
d√
a) given by σ( 2
d√
a) = ρ2
n−d
2
d√
a. If d < n, then
coresF/F0(F (
2
d√
a), σd) is zero. Further NF/F0(ρ) = 1 if and only if cores(F (
2
n√
a), σn)
is zero.
Proof. Suppose d < n. Then NF/F0(ρ
2n−d) = NF/F0(ρ
2n−d−1)2 = 1 (3.4) and hence
cores(Ed, σd) is zero (3.3).
Suppose n = d. Then, by (3.3), cores(F ( 2
n√
a), σn) is zero if and only if NF/F0(ρ) =
1. 
Lemma 3.6. Let F0 be a field of characteristic not 2 and F/F0 a quadratic extension.
Let ℓ be a prime not equal to char(F0). Let n ≥ 1. Suppose that F contains a
primitive ℓn-th root of unity ρ and F0 does not contain any nontrivial ℓ
th root of
unity. Let a ∈ F ∗0 . Suppose that [F ( ℓn
√
a) : F ] = ℓn. Let σ be the automorphism of
F ( ℓ
n√
a) given by σ( ℓ
n√
a) = ρ ℓ
n√
a. Then coresF/F0(F (
ℓn
√
a), σ) is zero.
Proof. Since ρℓ
n
= 1, NF/F0(ρ)
ℓn = 1. Since F0 has no nontrivial ℓ
th root of unity,
NF/F0(ρ) = 1 and by (3.3), cores(E, σ) = 0. 
4. Dihedral Extensions Over Local Fields
Let F0 be a complete discrete valued field with residue field κ0. Let E/F0 be a
dihedral extension of degree 2m with 2m coprime to char(κ0). Let F ⊆ E be the
fixed field of the rotation subgroup of Gal(E/F0). In this section we first determine
the degree of E/F0 if F/F0 is ramified and then we go on to describe all the dihedral
extensions of local fields.
We begin with the following:
Lemma 4.1. Let F0 be a complete discrete valued field with residue field κ0. Let
E/F0 be a dihedral extension of degree 2m with 2m coprime to char(κ0). Suppose
the subfield F of E fixed by the rotation subgroup of Gal(E/F0) is ramified over F0.
Let L/F0 be an extension contained in E. If F 6⊆ L and L/F0 is either unramified
or totally ramified, then [L : F0] ≤ 2.
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Proof. Let L/F0 be an extension contained in E with F 6⊆ L. We show that L/F0 is
cyclic.
Suppose that L/F0 is unramified. Let κ be the residue field of F and κ
′ the residue
field of L. Then κ = κ0 and [κ
′ : κ0] = [L : F0]. Since F/F0 is totally ramified,
LF/F is an extension of degree [L : F0] and the residue field of LF is also κ
′. Since
LF ⊂ E and E/F is cyclic, LF/F is cyclic. In particular κ′/κ0 is cyclic. Since L/F0
is unramified and F0 is complete, L/F0 is cyclic and by (2.2), [L : F0] ≤ 2.
Suppose that L/F0 is totally ramified of degree d. Since d is coprime to char(κ0),
L = F0( d
√
π) for some parameter π ∈ F0 (cf. [27, Lemma 2.4]). Since F 6⊂ L,
[LF : F ] = [L : F0]. Since E/F is cylic, LF/F is cyclic. Since LF = F ( d
√
π) and
[LF : F ] = [L : F0] = d, F contains a primitive d
th root of unity. Since F/F0 is
totally ramified, F0 contains a primitive d
th root of unity. In particular L/F0 is cyclic
and by (2.2), [L : F0] ≤ 2. 
Proposition 4.2. Let F0 be a complete discrete valued field with residue field κ0.
Let E/F0 be a dihedral extension of degree 2m with 2m coprime to char(κ0). If the
subfield of E fixed by the rotation subgroup of Gal(E/F0) is ramified over F0, then
[E : F0] ≤ 4.
Proof. Let F be the subfield of E fixed the rotation subgroup of Gal(E/F0). Then
[F : F0] = 2. Suppose that F/F0 is ramified. Then F/F0 is totally ramified.
Suppose that [E : F0] = 2m ≥ 5. Suppose there is an odd prime ℓ dividing m.
Then there exists an extension L/F0 of degree ℓ such that L ⊂ E and F 6⊂ L (2.3).
Since ℓ is a prime, L/F0 is either unramified or totally ramified. Then, by (4.1),
[L : F0] = ℓ ≤ 2, leading to a contradiction.
Suppose there is no odd prime dividing m. Then 4 divides m. Thus there exists
an extension L/F0 of degree 4 such that L ⊂ E and F 6⊂ L (2.3). Since [L : F0] = 4,
by (4.1), L/F0 is neither totally ramified nor unramified. Since [L : F0] = 4, L =
F0(
√
u)(
√
π) for some u ∈ F0 a unit and π a parameter in F0(√u). Since F/F0 is
ramified, F = F0(
√
π1) for some parameter π1 in F0. Since F0(
√
u)/F0 is unramified,
π1 is a parameter in F0(
√
u) and hence π = vπ1 for some unit v ∈ F0(
√
u). Let
L′ = F0(
√
u)(
√
v). Since [LF : F0] = 8 and LF = F0(
√
u)(
√
v,
√
π1), [L
′ : F0] = 4.
Since L′/F0 is unramified, by (4.1), [L
′ : F0] ≤ 2, leading to a contradiction. 
Corollary 4.3. Let F0 be a complete discrete valued field with residue field κ0 of
characteristic not 2. Let F/F0 be a ramified quadratic field extension. Let E/F be
a cyclic extension of degree coprime to char(κ0) and σ a generator of Gal(E/F ). If
coresF/F0(E, σ) is zero, then [E : F ] ≤ 2.
Proof. Suppose coresF/F0(E, σ) is zero. Then E/F0 is Galois with Gal(E/F0) dihe-
dral (3.2). Since F/F0 is ramified, by (4.2), [E : F ] ≤ 2. 
Proposition 4.4. Let K0 be a local field and L/K0 be dihedral extension of degree
2m. Let K be the subfield of L fixed by the rotation subgroup of Gal(L/K0). If K/K0
is unramified, then L/K is totally ramified.
Proof. Let Lnr be the maximal unramified sub extension of L/K0. Suppose that
K/K0 is unramified. Then K ⊆ Lnr. Suppose that K 6= Lnr. Then, by (2.1),
Lnr/K0 is dihedral. Since K0 is a local field and L
nr/K0 is unramified, L
nr/K0 is
cyclic. Since a dihedral group can not be cyclic, Lnr = K. 
Remark 4.5. Let K0 be a local field with characteristic of the residue field not 2.
Let π ∈ K0 be a parameter and u ∈ K0 a unit which is not a square. Since
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K∗0/K
∗2
0 = {1, π, u, uπ} (cf. [31, 4.1, p. 217]), L = K0(
√
u,
√
π) is the unique degree
four extension with Galois group Z/2Z× Z/2Z. Since Z/2Z× Z/2Z is the dihedral
group of order 4, L/K0 is the unique dihedral extension of degree 4.
Theorem 4.6. Let K0 be a local field with characteristic of the residue field not
2 and π ∈ K0 be a parameter. Let d be the maximum integer such that K0(
√−1)
contains a primitive 2d-th root of unity. Then there exists a dihedral extension of
K0 of degree 2
n+1 with n ≥ 2 if and only if √−1 6∈ K0 and n < d. In this case
K0(
√−1, 2n√π) is the unique dihedral extension of order 2n+1.
Proof. Suppose that
√−1 6∈ K0 and 2 ≤ n < d. Let π ∈ K0 be a parameter and
Ln = K0(
√−1, 2n√π). Let ρ ∈ K0(
√−1) be a primitive 2d-th root of unity. Then
ρ′ = ρ2
d−n
is a primitive 2n-th root of unity and NK0(
√
−1)/K0(ρ
′) = (−1)2n−d = 1 (cf.
1.2). Hence, by ( 2.4), Ln/K0 is a dihedral extension.
Suppose, conversely, there exists a dihedral extension L/K0 of degree 2
n+1 with
n ≥ 2. Let K be the subfield of L fixed by the rotation subgroup of Gal(L/K0).
Since n ≥ 2, by (4.2), K/K0 is unramified. By (4.4), L/K is totally ramified. By
(2.3), there exists a subfield L′ of L with [L′ : K0] = [L : K] and L′K = L . Since
K/K0 is unramified and L/K is totally ramified, L
′/K0 is totally ramified. Since
the characteristic of the residue field of K0 is not 2 and [L
′ : K0] = [L : K] = 2n,
L′ = K0( 2
n√π0) for some parameter π0 ∈ K0. Hence L = K( 2n√π0).
Suppose that
√−1 ∈ K0. Let L1 = K0( 4√π0) ⊂ L′. Then L1/K0 is cyclic of degree
4, leading to a contradiction (2.2). Hence
√−1 6∈ K0.
Since L = K( 2n
√
π0) is a cyclic extension of K of degree 2
n, K contains a primitive
2n-th root of unity ρ. Since n ≥ 2, √−1 ∈ K and hence K = K0(
√−1). Thus
by the maximality of d, n ≤ d. Suppose n = d. Since K0 is a local field, by (1.2),
NK/K0(ρ) = −1. Hence, by (2.4), L/K0 is not dihedral, a contradiction. Therefore
n < d and L ≃ Ln, proving the uniqueness of dihedral extensions of degree 2n+1 over
K0.

Theorem 4.7. Let K0 be a local field with characteristic of the residue field not 2
and π ∈ K0 be a parameter. Let ℓ be an odd prime not equal to the characteristic of
the residue field of K0. Let ρ be a primitive ℓ
th root of unity and d be the maximum
integer such that K0(ρ) contains a primitive ℓ
d-th root of unity. Then there exists a
dihedral extension of K0 of degree 2ℓ
n with n ≥ 1 if and only if [K0(ρ) : K0] = 2 and
1 ≤ n ≤ d. In this case K0(ρ, ℓn
√
π) is the unique dihedral extension of order 2ℓn.
Proof. Suppose [K0(ρ) : K0] = 2 and 1 ≤ n ≤ d. Let π ∈ K0 be a parameter.
Let Ln = K0(ρ, ℓ
n√
π). Let ρn ∈ K0(ρ) be a primitive ℓn-th root of unity. Since
NK0(ρ)/K0(ρn) is an ℓ
n-th root of unity in K0 and the only ℓ
n root of unity in K0 is
1, NK0(ρ)/K0(ρn) = 1. By (2.4), Ln/K0 is a dihedral extension.
Suppose, conversely there exists a dihedral extension L/K0 of degree 2ℓ
n. LetK be
the subfield of L fixed by the rotation subgroup of Gal(L/K0). Since [L : K] = ℓ
n ≥
3, by (4.2), K/K0 is unramified. Then, by (4.4), L/K is totally ramified. Let L
′ be a
subfield of L with [L′ : K0] = [L : K] and L′K = L (2.3). Since K/K0 is unramified
and L/K is totally ramified, L′/K0 is totally ramified. Since the characteristic of
the residue field of K0 is not ℓ and [L : K0] = [L : K] = ℓ
n, L′ = K0( ℓ
n√π0) for
some parameter π0 ∈ K0. Hence L = K( ℓn√π0). Since L/K is cyclic, K contains a
primitive ℓn-th root of unity. Thus n ≤ d. Since n ≥ 1, ρ ∈ K∗.
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Suppose [K0(ρ) : K0] 6= 2. Since K0(ρ) ⊆ K and [K : K0] = 2, ρ ∈ K0. Let
L1 = K0( ℓ
√
π0). Then L1/K0 is cyclic. Since K 6⊆ L1, by (2.2), [L1 : K0] = ℓ ≤ 2,
leading to a contradiction. Hence [K0(ρ) : K0] = 2. Since ρ ∈ K and [K : K0] = 2,
K = K0(ρ). In particular L ≃ Ln, proving the uniqueness of dihedral extensions of
degree 2ℓn over K0. 
Corollary 4.8. Let K0 be a local field with the residue field κ0 and m ≥ 3 with 2m
is coprime to char(κ0). Let L/K0 be an extension of degree 2m and π ∈ K0 be a
parameter. Then L/K0 is a dihedral extension if and only if there exists a primitive
mth root of unity ρ ∈ L with [K0(ρ) : K0] = 2, NK0(ρ)/K0(ρ) = 1 and L = K0(ρ, m
√
π).
Proof. Suppose L/K0 is a dihedral extension of degree 2m. Suppose m = 2
n. Let d
be the maximum integer such that K0(
√−1) contains a primitive 2d-th root of unity.
Then, by (4.6),
√−1 6∈ K0, n < d and L = K0(
√−1, 2n√π). Let ρ ∈ K0(
√−1) be
a primitive 2n-th root of unity. Since K0(ρ)/K0 is unramified and K0(
√−1) is the
maximal unramified extension of L/K0, K0(
√−1) = K0(ρ). In particular [K0(ρ) :
K0] = 2 and L = K0(ρ, 2
n√
π). Since L/K0 is dihedral, by (2.4), NK0(
√
−1)/K0(ρ) = 1.
Assume that there is an odd prime dividing m. Let m = ℓn00 ℓ
n1
1 · · · ℓnrr with ℓ0 = 2,
for i ≥ 1, ℓi are distinct odd primes, n0 ≥ 0 and ni ≥ 1 for all i ≥ 1. For 0 ≤ i ≤ r,
let mi =
m
ℓ
ni
i
. Let σ be a generator of the rotation subgroup of Gal(L/K0) and
Mi = L
σmi . Then [Mi : K0] = 2ℓ
ni
i .
Let 1 ≤ i ≤ r. Then Mi/K0 is a dihedral extension of degree 2ℓnii with ℓi odd.
By (4.7), there exists a primitive ℓnii -th root of unity ρi ∈ Mi, [K0(ρi) : K0] = 2
and Mi = K0(ρi, ℓ
ni
i
√
π). Since ℓi are distinct primes and Mi ⊆ L, m0
√
π ∈ L and
ρ′ = ρ1 · · · ρr ∈ L is a primitive mth0 root of unity. If n0 = 0, then m0 = m.
Since ρi 6∈ K0 for all i ≥ 1 and ℓi’s are distinct primes, it follows that ρ′ 6∈ K0.
Since K0(ρ
′)/K0 is an unramified extension and K0( m
√
π)/K0 is a totally ramified
extension of degree m, it follows that [K0(ρ
′) : K0] = 2 and L = K0(ρ′, m
√
π). By
(2.4), NK0(ρ′)/K0(ρ
′) = 1.
Suppose n0 = 1. Then M0/K0 is the unique bi-quadratic extension and hence
M0 = K(
√
u,
√
π) (cf. 4.5). Suppose n0 ≥ 2. Then, as in the first case, M0 contains
a primitive 2n0-th root of unity ρ0, [K(ρ0) : K0] = 2 and M0 = K0(ρ0, 2
n0
√
π). Hence
in either case the maximal unramified extension of M0/K0 is of degree 2 over K0.
Since M0 ⊆ E, 2n0
√
π ∈ E. Since m = 2n0m0, m
√
π ∈ E. Since K0( m
√
(π))/K0
is a totally ramified extension of degree m, the degree of the maximal unramified
extension of L/K0 is 2. Since L contains a primitive 2
n0-th root of unity and mth0
root of unit, L contains a primitive mth root of unity ρ. Since m ≥ 3, either n0 ≥ 2
or m0 ≥ 2. Hence [K0(ρ) : K0] = 2 and L = K0(ρ, m
√
π). By (2.4), NK0(ρ)/K0(ρ) = 1.
Conversely, suppose there exists a primitive mth root of unity ρ ∈ L with [K0(ρ) :
K0] = 2, NK/K0(ρ) = 1 and L = K0(ρ,
m
√
π). Then, by (2.4), L/K0 is a dihedral
extension. 
We conclude this section with the following result on norms from dihedral exten-
sions over local fields.
Proposition 4.9. Let K0 be a local field and m ≥ 2 with 2m coprime to the charac-
teristic the residue field of K0. Let L/K0 be a dihedral extension of degree 2m. Let
K be the subfield of L fixed by the rotation subgroup of Gal(L/K0). Let L0, · · · , Lm−1
be the subfields of L with LiK = L and [L : Li] = 2 (2.3). Let θ0 ∈ K∗0 . Then for
every 0 ≤ i ≤ m− 1, there exists µi ∈ Li, such that
∏m−1
i=0 NLi/K0(µi) = θ0.
12 PARIMALA AND SURESH
Proof. Suppose m = 2. Then L/K0 is a biquadratic extension, L0 and L1 are non
isomorphic quadratic extensions of K0. Then, by local class field theory (cf. [6,
Proposition 3, p.142]), NL0/K0(L
∗
0) and NL1/K0(L
∗
1) are two distinct subgroups of K
∗
0
of index 2. Let b ∈ NL0/K0(L∗0) which is not in NL1/K0(L∗1). Let a ∈ K∗0 . Suppose
a 6∈ NL1/K0(L∗1). Then a ∈ bNL1/K0(L∗1). Hence a = bc for some c ∈ NL1/K0(L∗1). In
particular a ∈ NL0/K0(L∗0)NL1/K0(L∗1).
Suppose m ≥ 3. Let ρ be a primitive mth root of unity. Then, for any parameter
π ∈ K0, by (4.8), L = K0(ρ, m
√
π). Let π ∈ K0 be a parameter. Since L = K0(ρ,
√
π)
[L : K0( m
√
π)] = 2 and K = K0(ρ), K0( m
√
π) = Lr for some r. In particular (−1)mπ
is a norm from the extension Lr/K0. Let u ∈ K0 be a unit. Since uπ is a parameter
in K0, m
√
uπ ∈ L and K0( m
√
uπ) = Ls for some s. Hence (−1)muπ is a norm from the
extension Ls/K0. In particular u is a product of norms from the extensions Lr/K0
and Ls/K0. Since every element in K0 is uπ
r for some u ∈ K0 a unit, it follows that
every element in K0 is a product of norms from the extensions Li/K0. 
5. Approximation of norms from dihedral extensions over global
fields
Proposition 5.1. Let K0 be a global field and n ≥ 2 an integer with 2n coprime to
char(K0). Let E/K0 be a dihedral extension of degree 2n and σ and τ generators of
Gal(E/K0) with σ a rotation and τ a reflection. Let K = E
σ and Ei = E
σiτ for
1 ≤ i ≤ n. Let ν be a place of K0 and λν ∈ K0ν. Suppose that the characteristic of
the residue field at ν is coprime to 2n. If λν is a norm from the extension E ⊗K0
K0ν/K ⊗K0 K0ν , then λν is a product of norms from the extensions Ei ⊗K0ν/K0ν .
Proof. Suppose λν is a norm from the extension E ⊗K0 K0ν/K ⊗K0 K0ν .
Suppose that K ⊗K0 K0ν is not a field. Then K ⊗K0 K0ν ≃ K0ν × K0ν . Since
KEi = E, E ⊗K0 K0ν ≃ Ei ⊗K0 K ⊗K0 K0ν ≃ Ei ⊗K0 K0ν ×Ei ⊗K0 K0ν . Since λν is
a norm from the extension E ⊗K0 K0ν/K ⊗K0 K0ν , it follows that λν is a norm from
Ei ⊗K0 K0ν/K0ν .
Suppose K ⊗K0 K0ν is a field. Suppose E ⊗K0 K0ν ≃
∏n
1 K ⊗K0 K0ν . Then, by
(2.5), there exists an i such that Ei ⊗K0 K0ν ≃ K0ν ×E ′iν for some K0ν-algebra E ′iν .
In particular λν is norm from Ei ⊗K0 K0ν/K0ν .
Suppose E ⊗K0 K0ν is not isomorphic to
∏n
1 K ⊗K0 K0ν . Since E/K0 is Galois,
E ⊗K0 K0ν ≃
∏
Eν for some field extension Eν/K0ν and K ⊗K0 K0ν is a proper
subfield of Eν . Hence Eν/K0ν is a dihedral extension. Since the characteristic of
the residue field at ν is coprime to 2n, by (4.9), λν is a product of norms from
Ei ⊗K0 K0ν/K0ν . 
Corollary 5.2. Let K0, E and K be as in (5.1). Let S be a finite set of places of K0
with 2n coprime to the characteristic of the residue field at places in S. For ν ∈ S,
let λν ∈ K0ν be a norm from the extension E⊗K0 K0ν/K⊗K0 K0ν. Then there exists
λ ∈ K0 such that λ is a norm from the extension E/K and λλ−1ν ∈ K ⊗K0 K∗n0ν for
all ν ∈ S.
Proof. Let σ, τ ∈ Gal(E/K0) be as in (5.1). Let Ei = Eσiτ for 1 ≤ i ≤ n. Let
ν ∈ S. Then, by (5.1), for 1 ≤ i ≤ n, there exists ziν ∈ Ei ⊗K0 K0ν such that
λν =
∏
NEi⊗K0K0ν/K0ν (ziν).
For 1 ≤ i ≤ n, let zi ∈ Ei be close to ziν for all ν ∈ S. Let λ =
∏
NEi/K0(zi).
Since zi is close to ziν for all ν ∈ S, λ is close to λν for all ν ∈ S. In particular
λλ−1ν ∈ (K ⊗K0 K0ν)∗n. Since KEi = E, λ is a norm from the extension E/K. 
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6. Central Simple Algebras With Involutions Of Second Kind Over
2-local fields
In this section we give a description of central simples algebras having involutions
of second kind over complete discretely valued fields with residue fields local fields
(such fields are called 2-local fields).
We begin the following well known
Lemma 6.1. Let F be a complete discretely valued field and π ∈ F a parameter. Let
E/F be a cyclic extension and σ a generator of Gal(E/F ). Then the cyclic algebra
(E, σ, π) is unramified if and only if E = F .
Proof. Let m = [E : F ]. Since E/F is unramified, the order of the class of π in
F ∗/NE/F (E
∗) is m and hence D = (E, σ, π) is a division algebra of degree m ([2,
Theorem 6, p. 95]). Let ν be the discrete valuation on F and ν˜ be the extension of
ν to D ([30, Theorem 12.10, p. 138]). Let e be the ramification index of D. Since
there exists y ∈ D with ym = π, we have ν˜(π) ≥ m and hence e = m ([30, Theorem
13.7, p. 142]). Suppose D is unramified. Then e = 1 and hence m = 1. In particular
E = F . 
Lemma 6.2. Let F0 be a complete discrete valued field with residue field of char-
acteristic not 2. Let π ∈ F0 be a parameter and F = F0(
√
π). Let E/F be an
unramified cyclic extension and σ a generator of Gal(E/F ). If coresF/F0(E, σ,
√
π)
is unramified, then (E, σ,
√
π) is zero.
Proof. Let E0 be the maximal unramified extension of E/F0. Since E/F is unrami-
fied and F/F0 is ramified extension of degree 2, E/E0 is of degree 2 and E = E0F .
Since F/F0 is ramified, E0/F0 is unramified. Since E/F is cyclic, E0/F0 is cyclic (cf.
proof of 4.1). Let σ0 be the restriction of σ to E0. Then (E0, σ0)⊗F = (E, σ). Hence
coresF/F0(E, σ,
√
π) = (E0, σ0, NF/F0(
√
π)) = (E0, σ0,−π) ([25, Proposition 1.5.3]).
Suppose that coresF/F0(E, σ,
√
π) = (E0, σ0,−π) is unramified. Since π is a pa-
rameter in F0 and E0/F0 is unramified, by (6.1), E0 = F0. In particular E = F and
(E, σ,
√
π) is zero. 
Lemma 6.3. Let F0 be a complete discrete valued field with residue fieldK0 and F/F0
a ramified quadratic field extension. Let m ≥ 1 with 2m coprime to char(K0) and
α ∈ H2(F, µm). If coresF/F0(α) is zero, then α = α0⊗F for some α0 ∈ H2nr(F0, µm).
In particular per(α) ≤ 2.
Proof. Since F/F0 is a ramified quadratic extension and char(K0) 6= 2, F = F0(
√
π)
for some π ∈ F0 a parameter. Since m is coprime to char(K0), α = α′ + (E, σ,√π)
for some α′ ∈ H2nr(F, µm) and E/F an unramified cyclic field extension of F (cf. [27,
Lemma 4.1]). Since coresF/F0(α) = 0, we have coresF/F0(−α′) = coresF/F0(E, σ,
√
π).
Since α′ is unramified, coresF/F0(−α′) is unramified (cf. [7, p. 48]) and hence
coresF/F0(E, σ,
√
π) is unramified. Thus, by (6.2), (E, σ,
√
π) is zero and hence
α = α′. Since the residue field of F and F0 are equal and both F and F0 are
complete, it follows that α = α′ = α0 ⊗ F for some α0 ∈ H2nr(F0, µm). 
Lemma 6.4. Let F0 be a complete discrete valued field and F/F0 an unramified
quadratic extension. Let π ∈ F0 be a parameter and m ≥ 1. Suppose 2m is coprime
to the characteristic of the residue field of F0. Let α = α
′+(E, σ, π) ∈ H2(F, µm) for
some α′ ∈ H2nr(F, µm) and E/F an unramified cyclic field extension. If coresF/F0(α)
is zero, then coresF/F0(α
′) and coresF/F0(E, σ, π) are zero.
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Proof. Since F/F0 is unramified extension, π is a parameter in F . Since π ∈ F0, we
have coresF/F0(E, σ, π) = coresF/F0(E, σ) · (π). Since coresF/F0(α) = coresF/F0(α′)+
coresF/F0(E, σ, π) is zero, we have coresF/F0(E, σ) · (π) = −coresF/F0(α′). Since α′
is unramified, coresF/F0(α
′) is unramified. Since E/F is unramified, coresF/F0(E, σ) is
unramified. Since coresF/F0(E, σ)·(π) is unramified and F0 is complete, coresF/F0(E, σ)
is zero (6.1). Hence coresF/F0(E, σ, π) = coresF/F0(E, σ) · (π) is zero and in particular
coresF/F0(α
′) is zero. 
Lemma 6.5. Let F0 be a complete discrete valued field with residue field K0 a local
field, F/F0 a quadratic field extension and π ∈ F0 a parameter. Let m ≥ 1 with 2m
coprime to char(K0). Let α ∈ H2(F, µm) with coresF/F0(α) = 0. If ind(α) ≥ 3, then
F/F0 is unramified and α = (E, σ, π) for some unramified cyclic extension E/F .
Proof. Suppose coresF/F0(α) = 0 and ind(α) ≥ 3.
Suppose F/F0 is ramified. Then, by (6.3), α is unramified and per(α) ≤ 2. Let K
be the residue field of F and β ∈ H2(K,µm) be the image of α. Since per(α) ≤ 2,
per(β) ≤ 2. Since K is a local field, ind(β) = per(β). Since F is complete, ind(α) =
ind(β). Hence ind(α) ≤ 2, leading to a contradiction. Hence F/F0 is unramified and
π is a parameter in F . Since m is coprime to char(K0), α = α
′ + (E, σ, π) for some
α′ ∈ H2nr(F, µm) and E/F an unramified cyclic extension (cf. [27, Lemma 4.1]).
Then, by (6.4), coresF/F0(α
′) and coresF/F0(E, σ, π) are zero. Let β
′ ∈ H2(K,µm)
be the image of α′. Since coresF/F0(α
′) = 0, coresκ/κ0(β
′) = 0. Since K/K0 is a
quadratic field extension of local fields, β ′ = 0 ((cf. [20, Theorem 10, p. 237]) ).
Since F is complete, α′ = 0 and hence α = (E, σ, π). 
Let F be a field and m ≥ 1 coprime to char(F ). Suppose F contains a primitive
mth root of unity ρ. For a, b ∈ F ∗, let (a, b)m be the cyclic algebra generated by x
and y with relations xm = a, ym = b and yx = ρxy.
Proposition 6.6. Let F0 be a complete discrete valued field with residue field K0
a local field. Let m ≥ 3 with 2m coprime to the characteristic of the residue field
of K0. Let π ∈ F0 be a parameter and δ ∈ F0 a unit such that the image of δ in
K0 is a parameter. Let F/F0 be a quadratic field extension and α ∈ H2(F, µm). If
coresF/F0(α) = 0 and ind(α) = m, then F/F0 is unramified, F contains a primitive
mth root of unity ρ, NF/F0(ρ) = 1 and α = (δ, π)m.
Proof. Suppose coresF/F0(α) = 0 and ind(α) = m. Since m ≥ 3, by (6.5), F/F0 is
unramified and α = (E, σ, π) for some E/F an unramified cyclic extension.
Let K be the residue field of F and L the residue field of E. Since F/F0 and
E/F are unramified, K/K0 is an extension of degree 2 and L/K is a cyclic extension
of degree [E : F ]. Let σ0 denote the automorphism of L/K induced by σ. Since
coresF/F0(E, σ) = 0, coresK/K0(L, σ0) = 0. Hence, by (3.2), L/K0 is a dihedral
extension. Let δ ∈ K0 be the image of δ. Then, by the assumption, δ is a parameter
in K0. Since K0 is a local field and [L : K] = m ≥ 3, by (4.8), K = K0(ρ) for a
primitive mth root of unity, NK/K0(ρ) = 1 and L = K0(ρ,
m
√
δ). Since F0 is complete,
F = F0(ρ) and E = F (
m
√
δ). Since NK/K0(ρ) = 1, NF/F0(ρ) = 1. Since F contains a
primitive m-th root of unity, α = (E, σ, π) = (δ, π)m. 
We end this section with the following:
Proposition 6.7. Let F be a complete discrete valued field with residue field K,
valuation ring R, π ∈ R a parameter and u ∈ R a unit. Let n ≥ 2 which is coprime
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to char(K). Suppose that F contains a primitive nth root of unity and the cyclic
algebra D = (π, u)n is a division algebra. Let x, y ∈ D be with xn = π, yn = u and
xy = ρyx. Then R[x] +R[x]y + · · ·+R[x]yn−1 = R[y] +R[y]x+ · · ·+R[y]xn−1 ⊂ D
is the maximal order of D.
Proof. Since D is a division algebra and F is complete, ν˜ : D∗ → Z given by
ν˜(z) = ν(Nrd(z)) is a discrete valuation on D∗ and Λ = {z ∈ D∗ | ν˜(z) ≥ 0} ∪ {0}
is the unique maximal order of D ([30, Theorem 12.8]). Since every element in
R[y] +R[y]x+ · · ·+R[y]xn−1 is integral over R, R[y] +R[y]x+ · · ·+R[y]xn−1 ⊆ Λ.
Since Nrd(x) = (−1)nπ, ν˜(x) = n. Since yn = u is a unit in R and n is coprime
to the characteristic of K, the extension F (y)/F is unramified. Since deg(D) = n,
[F (y) : F ] = n. Hence for any a ∈ R[y], Nrd(a) = NF (y)/F (a). Since F (y)/F is
unramified, ν˜(a) is divisible by n for all a ∈ R[y]. Let z ∈ Λ. Then z = 1
b
(a0 +
a1x + · · · + an−1xn−1) for some b ∈ R, b 6= 0 and ai ∈ R[y]. Since ν˜ai is divisible
by n and ν˜(x) = 1, ν˜(a0 + a1x+ · · ·+ an−1xn−1) is equal to the minimum of ν˜(aixi)
for 0 ≤ i ≤ n − 1. Since ν˜(z) ≥ 0, ν˜(a0 + a1x + · · · + an−1xn−1) ≥ ν˜(b). In
particular ν˜(aix
i) ≥ ν˜(b). Since ν˜(aixi) = ν˜(ai) + i and ν˜(ai), ν˜(b) are divisible
by n, it follows that ν˜(ai) ≥ ν˜(b) for all 0 ≤ i ≤ n − 1. Hence aib ∈ R[y] and
z ∈ R[y] + R[y]x + · · · + R[y]xn−1. Hence Λ = R[y] + R[y]x + · · · + R[y]xn−1 is a
maximal R-order of D. 
7. Reduced unitary Whitehead groups over 2-local fields
Let F0 be a field of characteristic not equal to 2 and F/F0 a quadratic étale
extension. Let A be a central simple algebra over F of degree n with an involution
τ of second kind and F τ = F0. Let A
∗ denote the units in A and S+(A, τ) =
{z ∈ A∗ | τ(z) = z}. Let Σ(A, τ) be the subgroup of A∗ generated by S+(A, τ).
Let Σ′(A, τ) = {z ∈ A∗ | Nrd(z) ∈ F ∗0 }. Then Σ′(A, τ) is a subgroup of A∗ and
Σ(A, τ) ⊆ Σ′(A, τ) is a normal subgroup. The reduced unitary Whitehead group
USK1(A) of A is the quotient group Σ
′(A, τ)/Σ(A, τ) ([18, p. 267]).
In this section we show that if F0 is a 2-local field, then USK1(A) is trivial. This
is an analogue of a theorem of Platonov on the triviality of SK1(A) over such fields
([28, Theorem 5.5]).
Proposition 7.1. Let F0 be a field and F/F0 a quadratic extension. Let m ≥ 2 with
2m coprime to char(F0). Suppose that F contains a primitive m-th root of unity ρ.
Let a, b ∈ F ∗0 . Suppose that F [( m
√
a) : F ] = m. Let A = (a, b)m be the cyclic algebra
generated by x and y with relations xm = a, ym = b and yx = ρxy. Then there exists
a F/F0-involution σ on A with σ(x) = x and σ(y) = y if and only if NF/F0(ρ) = 1.
Proof. Let τ0 be the nontrivial automorphism of F/F0. Then NF/F0(ρ) = τ0(ρ)ρ.
Suppose there exists a F/F0-involution σ on A with σ(x) = x and σ(y) = y.
Since yx = ρxy, we have xy = σ(yx) = σ(ρxy) = τ0(ρ)yx = τ0(ρ)ρxy. Hence
NF/F0(ρ) = τ0(ρ)ρ = 1.
Suppose NF/F0(ρ) = 1. Let c ∈ F ∗0 with F = F0(
√
c) and E = F (x). Then
A = E ⊕ Ey ⊕ · · · ⊕ Eym−1. Since {xiyj,√cxiyj | 0 ≤ i, j ≤ m − 1} is a F0-basis
of A, we have a F0-vector space isomorphism σ : A → A given by σ(xiyj) = yjxi
and σ(
√
cxiyj) = −√cyjxi. Then σ(z) = τ0(z) for all z ∈ F . Since a, b ∈ F0,
σ(xm) = σ(a) = a = xm = σ(x)m. Similarly σ(ym) = b = σ(y)m. Since ρ = c1+c2
√
c
for some ci ∈ F0 and τ0(
√
c) = −√c, we have σ(ρxy) = σ(c1xy + c2
√
cxy) =
16 PARIMALA AND SURESH
c1yx − c2
√
cyx = (c1 − c2
√
c)yx = τ0(ρ)yx. Since yx = ρxy, σ(yx) = σ(ρxy) =
τ0(ρ)yx = τ0(ρ)ρxy = xy = σ(x)σ(y). Hence σ is a F/F0-involution. 
Theorem 7.2. Let F0 be a complete discrete valued field with residue field K0 a local
field. Let F/F0 be a quadratic field extension and A a central simple algebra of index
m with F/F0-involution τ . Suppose that 2m is coprime to the characteristic of the
residue field of K0. Then, every element in F
∗
0 is a reduced norm of an element in
Σ(A, τ).
Proof. Let α ∈ H2(F, µm) be the class of A. Since A admits a F/F0-involution,
coresF/F0(α) = 0. Let λ ∈ F0. Then coresF/F0(α · (λ)) = coresF/F0(α) · (λ) = 0. Since
K0 is a local field, cores: H
3(F, µ⊗2n ) → H3(F0, µ⊗2n ) is injective ([27, Proposition
4.6]) and α · (λ) = 0. By ([27, Theorem 4.12]), λ is a reduced norm from A.
Suppose ind(A) ≤ 2. Since every element of F0 is a reduced norm from A, by
result of Yanchevskii ([33], cf. [18, Proposition 17.27]), every element in F0 is the
reduced norm of an element in Σ(A, τ).
Suppose that ind(A) = m ≥ 3. Let π ∈ F0 be a parameter and δ ∈ F0 a unit such
that the image δ of δ in K0 is a parameter. Then, by (6.6 ), F contains a primitive
mth root of unity ρ, NF/F0(ρ) = 1 and A = (δ, π)n. Let x, y ∈ A be such that xm = δ,
ym = π and yx = ρxy. Since π, δ ∈ F0 and NF/F0(ρ) = 1, by (7.1), there exists an
F/F0-involution τ
′ such that τ ′(x) = x and τ ′(y) = y. Since the subgroup of F ∗0
consisting of reduced norms of elements in Σ(A, τ) does not depend on the Brauer
class of A and the involution τ ([18, Proposition 17.24]), we assume that τ = τ ′.
Since y ∈ Σ(A, τ) and Nrd(y) = (−1)m+1π, it is enough to show that any unit in
F0 is the reduced norm of an element in Σ(A, τ).
Let u ∈ F0 be a unit. Let K be the residue field of F . Let E = F ( m
√
δ) and
L = K(
m
√
δ). Then the residue field of E is L. Since F contains a primitive mth
root of unity and NF/F0(ρ) = 1, K contains a a primitive m
th root of unity ρ and
NK/K0(ρ) = 1. Hence, by (2.4), E/F0 and L/K0 are dihedral extensions.
By the choice of the involution τ , the restriction of τ to E is a reflection. Let σ be
a generator of Gal(E/F ). Since E/F and F/F0 are unramified, E/F0 unramified.
Since L and K0 are the residue fields of E and F0 respectively, σ and τ give rise to
elements in Gal(L/K0). Let us denote the automorphisms of L induced by σ and τ
by σ0 and τ0 respectively. Then the dihedral group Gal(L/K0) is generated by σ0
and τ0 with τ0 a reflection. Further for any i, 0 ≤ i ≤ m− 1, Eτσi/F0 is unramified
with residue field Lτ0σ
i
0 .
Let θ0 be the image of u in K0. Then, by (4.9), for 0 ≤ i ≤ m − 1, there exists
µi ∈ Lτ0σi0 such that
∏m−1
i=0 NLτ0σi0/K0
(µi) = θ0.
For each 0 ≤ i ≤ m−1, let µ˜i ∈ Eτσi map to µi in Lτ0σi0 . Since (τσi)2 = id and the
restriction of τσi is nontrivial on F , there exists an involution τi on A with restriction
to E is τσi ([31, Theorem 10.1]). In particular µ˜i ∈ Σ(A, τi). Since Σ(A, τ) = Σ(A, τi)
([18, Proposition 17.24]), µ˜ = µ˜0 · · · µ˜m−1 ∈ Σ(A, τ). Let v =
∏m−1
i=0 NEτσi/F0(µ˜i) =
Nrd(µ˜). Since the image of v in K0 is
∏n−1
i=0 NLσiτ/k0(µi) = θ0 and θ0 is the image
of u, uv−1 maps to 1 in K0. Since m is coprime to char(K0), uv−1 = wm for some
w ∈ F0. Since w ∈ S+(A, τ), µw ∈ Σ(A, τ). Since Nrd(µ˜w) = vwm = u, the result
follows. 
Corollary 7.3. Let F0 be a complete discrete valued field with residue field K0 a
local field. Let F/F0 be a quadratic field extension and A a central simple algebra of
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index m with F/F0-involution τ . Suppose that 2m is coprime to the characteristic
of the residue field of K0. Then, USK1(A) = {1}.
Proof. Let z ∈ Σ′(A, τ) and θ = Nrd(z) ∈ F ∗0 . Then, by (7.2), there exists µ ∈
Σ(A, τ) such that Nrd(µ) = θ. In particular Nrd(zµ−1) = 1, Hence, by ([28, Theorem
5.5]), zµ−1 is a product of commutators in A∗. Since commutators are in Σ(A, τ)
([18, Proposition 17.26]), z ∈ Σ(A, τ). Hence USK1(A) = {1}. 
8. Reduced norms of central simple algebras over two dimensional
complete fields
Let R be a complete regular local ring of dimension 2 with residue field κ and
field of fractions F . For a prime θ ∈ R, let Fθ be the completion of F at the discrete
valuation given by the prime ideal (θ) of R and κ(θ) the residue field at θ. Let A be
a central simple algebra over F of index coprime to char(κ). Let m = (π, δ) be the
maximal ideal of R. Suppose that A is unramified on R except possibly at π and δ.
Let λ = vπsδt ∈ F ∗ for some unit v ∈ R and r, s ∈ Z. In this section we show that
if κ is a finite field and λ ∈ Nrd(A⊗ Fπ), then λ ∈ Nrd(A).
Remark 8.1. Let µ ∈ F ∗π and n ≥ 1 coprime to char(κ). Then µ = uπr for some
u ∈ Fπ which is a unit at π. Let u be the image of u in κ(π). Since κ(π) is the
field of fractions of R/(π) and R is complete, κ(π) is a complete discrete valued field
with residue field κ and δ ∈ R/(π) is a parameter. Hence u = vδs for some v ∈ R a
unit. Then, µ(vπrδs)−1 is a unit at π and maps to 1 in κ(π). Since n is coprime to
n, µ = vπrδscn for some c ∈ F ∗π .
We begin by extracting the following from ([27]).
Proposition 8.2. Let R be a complete regular local ring of dimension 2 with residue
field κ and field of fractions F . Let A be a central simple algebra over F of index
n coprime to char(κ) and α ∈ H2(F, µn) be the class of A. Let m = (π, δ) be the
maximal ideal of R. Suppose that κ is a finite field and A is unramified on R except
possibly at π and δ. Let λ = vπsδt ∈ F ∗ for some unit v ∈ R and r, s ∈ Z. If
α · (λ) = 0 ∈ H3(F, µ⊗2n ), then λ ∈ Nrd(A).
Proof. As in ([27, Theorem 4.12]), we assume that ind(A) = ℓd with ℓ a prime and
F contains a primitive ℓth root of unity. Since ind(A) is coprime to char(κ), ℓ 6=
char(κ). We prove the result by induction on d. If d = 0, then A is a matrix algebra
and hence every element is a reduced norm from A. Suppose that d ≥ 1.
Suppose α · (λ) = 0 ∈ H3(F, µ⊗2n ). Suppose s is coprime to ℓ. Then, by ([27,
Lemma 6.1]), A = (E, σ, (−1)sλ) for some cyclic extension E/F with σ a generator
of Gal(E/F ). In particular (−1)ℓd+1(−1)sλ ∈ Nrd(A). Suppose ℓ is odd, then
−1 ∈ Nrd(A) and hence λ ∈ Nrd(A). Suppose ℓ = 2. Since s is odd, λ =
(−1)ℓd+1(−1)sλ ∈ Nrd(A). Similarly if t is coprime to ℓ, then λ ∈ Nrd(A).
Suppose that s and t are divisible by ℓ. Then, by ([27, Lemma 4.10]), there
exists an uramified cyclic field extension Lπ/Fπ of degree ℓ and µπ ∈ Lπ such that
NLπ/Fπ(µ) = λ, ind(α⊗ Lπ) < ind(A⊗ Fπ) and α · (µπ) = 0 ∈ H3(Lπ, µ⊗2ℓd ).
Since Lπ/Fπ is an unramified cyclic extension of degree ℓ and F contains a primitive
ℓth root of unity, we have Lπ = Fπ( ℓ
√
a) for some a ∈ Fπ which is a unit at π. Since
char(κ) 6= ℓ and the residue field κ(π) of Fπ is the field of fractions of R/(π), we have
a = wδǫ ∈ F ∗π/F ∗ℓπ for some w ∈ R a unit and 0 ≤ ǫ ≤ ℓ−1 (cf. 8.1). Suppose ǫ ≥ 1.
Let 1 ≤ ǫ′ ≤ ℓ− 1 with ǫǫ′ = 1 modulo ℓ. Since F ( ℓ√wδǫ) = F ( ℓ
√
wǫ′δ), replacing w
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by wǫ
′
we assume that L = F ( ℓ
√
wδǫ) with 0 ≤ ǫ ≤ 1. Then L/F is a cyclic extension
of degree ℓ and L ⊗ Fπ ≃ Lπ. Let S be the integral closure of R in L. Then S is
a regular local ring with maximal ideal (π, δ1), where δ1 = δ or
ℓ
√
wδ depending on
whether ǫ = 0 or 1 ([26, 3.1, 3.2]). Since ind(α⊗ Lπ) < ind(α), by ([27, Proposition
5.8]), ind(α⊗ L) < ind(α).
Since S is a regular local ring with maximal ideal (π, δ1) and L the field of fractions
of S, there exists u ∈ S a unit such that µπ = uπiδj1µℓd1 for some i, j ∈ Z and
µ1 ∈ Lπ (cf. 8.1). Let µ′ = uπiδj1 ∈ L. Let λ′ = NL/F (µ′). Then λ′ = v′πℓiδj′
for some unit v′ ∈ R. Since λ = NLπ/Fπ(µπ) = NLπ/Fπ(µ′µℓd1 ) = λ′NLπ/Fπ(µ1)ℓd,
we have λ′λ−1 ∈ F ℓdπ . Hence, by ([27, Corollary 5.5]), λ = λ′θℓd for some θ ∈ F .
Let µ = µ′θℓ
d ∈ L. Then NL/F (µ) = λ. Since µ = µ′θℓd = µπµ−ℓd+11 θℓd and
α · (µπ) = 0 ∈ H3(Lπ, µ⊗2ℓd ), α · (µ) = 0 ∈ H3(Lπ, µ⊗2ℓd ). Hence, by ([27, Corollary
5.5]), α · (µ) = 0 ∈ H3(L, µ⊗2
ℓd
). Since ind(α ⊗ L) < ind(α), by induction µ ∈
Nrd(A⊗ L). Since NL/F (µ) = λ, λ ∈ Nrd(A). 
Corollary 8.3. Let R be a complete regular local ring of dimension 2 with residue
field κ and field of fractions F . Let A be a central simple algebra over F of index
coprime to char(κ). Let m = (π, δ) be the maximal ideal of R. Suppose that κ is a
finite field and A is unramified on A except possibly at π and δ. Let λ = vπsδt ∈ F ∗
for some unit v ∈ R and r, s ∈ Z. If λ ∈ Nrd(A⊗ Fπ), then λ ∈ Nrd(A).
Proof. Let α ∈ H2(F, µℓd) be the class of A. Since λ ∈ Nrd(A ⊗ Fπ), α · (λ) = 0 ∈
H3(Fπ, µn). Since α is unramified on R except possibly at π, δ and λ = cπ
sδr, α · (λ)
is unramified on R except possibly at π and δ. Since α · (λ) = 0 ∈ H3(Fπ, µn), by
([27, Corollary 5.5]), α · (λ) = 0 ∈ H3(F, µn). Hence, by (8.2 ), λ ∈ Nrd(A). 
We end this section with the following
Lemma 8.4. Let v ∈ R be a unit and µ = vπr1δs ∈ F ∗ for some r, s ∈ Z. Suppose
that there exists θπ ∈ F ∗0π such that µθπ ∈ Nrd(A⊗F Fπ1). Then there exists θ ∈ F0
such that µθ ∈ Nrd(A) and θπθ−1 ∈ F nπ1.
Proof. Since F0 is the field of fractions of R0 and (π, δ) is the maximal ideal of R0,
θπ = wπ
r1δs1cn for some w ∈ R0 a unit, c ∈ F0π (cf. 8.1). Let θ = wπr1δs1 ∈ F ∗0 .
Since ind(A) = n, cn ∈ Nrd(A⊗F Fπ1) and hence µθ ∈ Nrd(A⊗F Fπ1). Since A is
unramified on R except possibly at π1 and δ and the support of µθ is at most π1 and
δ, by (8.3), µθ ∈ Nrd(A). 
9. Central simple algebras with involutions of second kind over
two dimensional complete fields
Let R0 be a complete regular local ring of dimension two with residue field κ0 a
finite field of characteristic not 2 and F0 the field of fractions of R0. Letm = (π, δ) be
the maximal ideal of R0. Let F/F0 be a quadratic field extension with F = F0(
√
uπǫ)
for some u ∈ R0 a unit and ǫ = {0, 1}. Let R be the integral closure of R0 in F .
Then R is a regular local ring with maximal ideal (π1, δ), where π1 = π if ǫ = 0 and
π1 =
√
uπ if ǫ = 1 ([26, Lemma 3.1, 3.2]). Let κ be the residue field of R. Then
[κ : κ0] ≤ 2.
Let A be a central division algebra over F which is unramified on R except possibly
at π1 and δ. Suppose that n = ind(A) is coprime to char(κ0). In this section we
show that if there is an involution τ on A of second kind and A is division, then there
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exists a maximal R-order in A invariant under τ with some additional structure. We
then prove a local global principle for certain classes of hermitian forms over (A, τ).
We begin with the following
Proposition 9.1. Let α ∈ H2(F, µn) be the class of A. Suppose ind(α) = n ≥ 3. If
coresF/F0(α) = 0, then F/F0 is unramified on R0, F contains a primitive n
th root of
unity ρ, NF/F0(ρ) = 1 and α = (δ, π)n.
Proof. Since F = F0(
√
uπǫ), R0 is complete and char(κ) 6= 2, it follows that F⊗F0π =
Fπ1 is a field. Since α is unramfied on R except possibly at π1 and δ, ind(α) =
ind(α⊗ Fπ1) ([27, Proposition 5.8]).
The residue field of F0π is a local field with residue field κ0. Suppose coresF/F0(α) =
0. Then coresFπ1/F0π(α) = 0. Since ind(α ⊗ Fπ1) = n ≥ 3, by (6.6), Fπ1/F0π
is unramified, Fπ1 contains a primitive n
th root of unity ρ, NFπ1/F0π(ρ) = 1 and
α⊗Fπ1 = (δ, π)n. Since the residue field κ(π1) of Fπ1 is a complete discretely valued
field with residue field κ, κ contains a primitive nth root of unity. Hence F contains
a primitive nth root of unity. By ([27, Corollary 5.5]), α = (δ, π)n. Since F/F0 is
unramified except possible at π and Fπ1/F0π is unramified, F/F0 is unramified on
R0. Since NFπ1/F0π(ρ) = 1, NF/F0(ρ) = 1. 
Let α ∈ H2(F, µn) be the class of A. Suppose ind(α) = n ≥ 3. Since (π, δ) is a
maximal ideal of R, (δ, π)n is a division algebra. Let D = (π, δ)n. Then, by (9.1),
α is the class of D. Thus there exist x, y ∈ D such that xn = δ and yn = π and
yx = ρxy. Since D⊗Fπ and D⊗Fδ are division algebras ([27, Proposition 5.8]), the
valuation νπ and νδ given by π and δ on F extend to valuations wπ and wδ on D⊗Fπ
and D⊗ Fδ respectively ([30, Theorem 12.6]). We have eπ := [wπ(D∗) : νπ(F ∗)] = n
and eδ := [wδ(D
∗) : νδ(F ∗)] = n.
Let S = R[ n
√
δ] = R[x]. Then S is the integral closure of R in F ( n
√
δ) and S is
a regular local ring of dimension 2 with maximal ideal ( n
√
δ, π) ([26, Lemma 3.2]).
Since D ≃ (δ, π)n and NF/F0(ρ) = 1, by (7.1), there exists an F/F0-involution σ on
D with σ(x) = x and σ(y) = y.
Lemma 9.2. (cf. [34, Lemma 3.7]) Let Λ = S + Sy + · · ·+ Syn−1 ⊂ D. Then Λ is
a maximal R-order in D.
Proof. Since S is a free R-module, Λ is a free R-module. Let P ⊂ R be a height
one prime ideal. Suppose P 6= (π) and P 6= (δ). Since π and δ are units at P ,
ΛP = Λ⊗RP is an Azumaya algebra and hence a maximal RP -order in D. Suppose
P = (π) or (δ). Then, by (6.7) and ([30, Theorem 11.5]), ΛP is a maximal RP -order
in D. Since R is noetherian, integrally closed and Λ is a reflexive R-module, by ([4,
1.5]), Λ is a maximal R-order of D. 
Lemma 9.3. (cf. [34, Lemma 3.1]) Let σ and Λ be as above. Let a ∈ Λ with
σ(a) = a. If Nrd(a) = uπrδs for some u ∈ R0 unit and r, s ∈ Z, then there exist θ ∈ Λ
a unit, r′, s′ ∈ {0, 1} with r ≡ r′ and s ≡ s′ modulo 2 such that <a>≃<θxr′ys′> as
hermitian forms over (D, σ).
Proof. Let r = 2r1+r
′ and s = 2s1+s′ with r′, s′ ∈ {0, 1}. Let z = xs1yr1 ∈ Λ. Then
Nrd(z) = Nrd(σ(z)) = δs1πr1 . Let θ = σ(z)−1az−1(xs
′
yr
′
)−1. Then a = σ(z)θxs
′
yr
′
z
and hence <a>≃<θxs′yr′>. Since Nrd(θ) = u ∈ R0 is a unit, it follows, as in the
proof of ([34, Lemma 3.1]), that θ ∈ Λ and is a unit in Λ. 
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Corollary 9.4. (cf. [34, Corollary 3.2]) Let σ and Λ be as in (9.2). Let h =<
a1, · · · , ar > be an hermitian form over (A, σ) with ai ∈ Λ, σ(ai) = ai and Nrd(ai)
is a product of a unit in R, a power of π and a power of δ. Then
h ≃<u1, · · · , um0>⊥<v1, · · · , vn1> x ⊥<w1, · · · , wn2> y ⊥<θ1, · · · , θn3> xy
for some ui, vi, wi, θi ∈ Λ units.
We have the following (cf. [34, Corollary 3.3]).
Corollary 9.5. Let σ and Λ as above. Let ai ∈ Λ be as in (9.4) and h =<
a1, · · · , ar>. If h⊗ F0π is isotropic, then h is isotropic over F0.
Proof. Since σ(xy) = yx = ρxy and ρσ(ρ) = NF/F0(ρ) = 1, it follows that Int(xy)◦σ
is an involution on D. Following the proof of ([34, Corollary 3.3]), it follows that if
h is isotropic over F0π, then h is isotropic over F0. 
10. An application of refinement of patching to local global
principle
Let T be a complete discrete valuation ring and K its field of fractions. We recall
a few basic definitions from ([13], [15]). Let F be a function field of a curve over K.
Let Y → Spec(T ) be a proper normal model of F and Y the special fibre. For a
point x of Y , let Fx be the field of fractions of the completion Rˆx of the local ring
at x. Let U be a nonempty proper subset of an irreducible component of Y not
containing the singular points of X. Let RU be the subset of F containing all those
elements of F which are regular at every closed point of U . Let t ∈ T be a parameter,
RˆU be the (t)-adic completion of RU and FU the field of fractions of RˆU . Let P ∈ Y
be a closed point. A height one prime ideal p of RˆP containing t is called a branch
at P . For a branch p, let Fp be the completion of FP at the discrete valuation given
by p.
Let P be a finite set of closed points of Y containing all singular points of Y
and at least one point from each irreducible component of Y . Let U be the set of
irreducible components of Y \ P and B the set of branches at points in P. Let
G be a linear algebraic group over F . We say that factorization holds for G with
respect to (P,U ) if given (gp) ∈
∏
p∈B G(Fb), there exists (gQ) ∈
∏
Q∈P G(FQ) and
(gU) ∈
∏
U∈U G(FU) such that if p is a branch at P along U , then gp = gQgU . If the
factorization holds for G with respect to all possible pairs (P,U ), then we say that
factorization holds for G over F with respect to Y . Let Z be a variety over F with
a G-action. We say that G acts transitively on points of Z if G(E) acts transitively
on Z(E) for all extensions E/F .
Let X → Y be a sequence of blow ups and X the special fibers of X . Let P ∈ Y
be a closed point and V the fibre over P . Suppose that dim(V ) = 1. Let P ′ be a
finite set of closed points of V containing all the singular points of V and at least
one point from each irreducible component of V . Let U ′ be the set of connected
components of V \P ′. Let B′ be the set of branches at the points of P ′. We say
that factorization holds for G with respect to (P ′,U ′) if given (gp) ∈
∏
p∈B′ G(Fp),
there exists (gQ) ∈
∏
Q∈P′ G(FQ) and (gU) ∈
∏
U∈U ′ G(FU) such that if p is a branch
at P along U , then gp = gQgU .
Let P be a finite set of closed points of X containing P ′, all singular points of X
and at least one closed point from each irreducible component of X. Let U be the
set of irreducible components of X \P and B the set of branches at points in P.
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The following results are immediate consequences of results of Harbater, Hartmann
and Krashen ([15]).
Theorem 10.1. Let F , P , P, P ′, U and U ′ be as above. Let G be a connected
linear algebraic group over F . If the factorization holds for G with respect to (P,U ),
then the kernel of natural map
H1(FP , G)→
∏
U ′∈U ′
H1(FU ′ , G)×
∏
Q∈P′
H1(FQ, G)
is trivial.
Proof. Suppose the factorization holds for G with respect to (P,U ). Then, by
([15, Proposition 3.14]), factorization holds for G with respect to (P ′,U ′). By
([15, Proposition 3.10]), patching holds for the injective diamond FP• = (FP ≤∏
Q∈P′ FQ,
∏
U ′∈U ′ FU ′ ≤
∏
b′∈B′ Fb′). Hence, by ([15, Theorem 2.13]), the map
H1(FP , G)→
∏
U ′∈U ′ H
1(FU ′, G)×
∏
Q∈P′ H
1(FQ, G) is injective. 
Corollary 10.2. Let F , Y , P and X be as above. Let G be a connected linear
algebraic group over F . If the factorization holds for G over F , then the kernel of
natural map
H1(FP , G)→
∏
x∈V
H1(Fx, G)
is trivial.
Proof. Let ξ be in the kernel of the map H1(FP , G)→
∏
x∈V H
1(Fx, G). Then, as in
([13, Corollary 5.9]), there exists a finite set P ′ of closed points of V containing all
the singular points of V and at least one closed point from each irreducible component
of V such that if U ′ is the set of irreducible components of V \P ′, then ξ is in the
kernel of H1(FP , G) →
∏
U ′∈U H
1(FU , G) ×
∏
Q∈P′ H
1(FQ, G). Hence, by (10.1), ξ
is trivial. 
Theorem 10.3. Let F , P , FP and FU be as above. Let G be a connected linear
algebraic group over F . Suppose the factorization holds for G with respect to (P,U ).
Let Z be a F -variety with G acting transitively on points Z. If Z(FU ′) 6= ∅ and
Z(FQ) 6= ∅ for all U ′ ∈ U ′ and Q ∈ P ′, then Z(FP ) 6= ∅.
Proof. By ([15, Proposition 3.10]), patching holds for the injective diamond FP• =
(FP ≤
∏
Q∈P′ FQ,
∏
U ′∈U ′ FU ′ ≤
∏
b′∈B′ Fb′). Result follows from (10.1) and ([13,
Corollary 2.8]). 
Corollary 10.4. (cf. [13, Theorem 9.1]) Let F , Y , P , X and V be as above. Let G
be a connected linear algebraic group over F . Suppose the factorization holds for G
over F . Let Z be a F -variety with G acting transitively of points of Z. If Z(Fx) 6= ∅
for all x ∈ V , then Z(FP ) 6= ∅.
Proof. Suppose Z(Fx) 6= ∅ for all x ∈ V . Let Xi be an irreducible component of V
and ηi ∈ V the generic point of Xi. Since Z(Fηi) 6= ∅, by ([13, Proposition 5.8]),
there exists a non-empty affine open subset Ui of Xi such that Z(FUi) 6= ∅. Let P ′
be the complement of the union of Ui’s in V . Let Q ∈ P ′. Then, by the assumption
on Z, Z(FQ) 6= ∅. Hence, by (10.3), Z(FP ) 6= ∅. 
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11. Local global principle for projective homogeneous spaces under
general linear groups
Let K be a complete discretely valued field with residue field κ and F the function
field of a smooth projective curve over K. Let A be a central simple algebra over F
of index n coprime to char(k) and G = PGL(A). Let Z be a projective homogeneous
space under G over F . If F contains a primitive nth root of unity, then from the
results in ([32]), it follows that Z(F ) 6= ∅ if and only if Z(Fν) 6= ∅ for all divisorial
discrete valuations of F . In this section, we dispense with the condition on the roots
of unity if K is a local field.
Let X be a normal proper model of F over the valuation ring of K. Let P be
a closed point of X . A discrete valuation ν of F (resp. FP ) is called a divisorial
discrete valuation if it is given by a codimension one point of a model of F (resp.
with center P ).
LetM be a field and A a central simple algebra overM of degree n. For a sequence
of integers 0 < n1 < n2 < · · · < nk < n, let
X(n1, · · · , nk) = {(I1, · · · , Ik) | I1 ⊆ I2 ⊆ · · · ⊆ Ik ⊆ A,
a sequence of right ideals of A with dimF (Ij) = n · nj , j = 1, · · · , k}.
Theorem 11.1. Let K be a local field with residue field κ and F the function field
of a smooth projective curve over K. Let A be a central simple algebra over F of
index coprime to char(k). Let X be regular proper model of F over the valuation
ring of K and P ∈ X be a closed point. Let L be the field F or FP . Let Z be a
projective homogeneous space under PGL(A) over L. If Z(Lν) 6= ∅ for all divisorial
discrete valuation ν of L, then Z(L) 6= ∅.
Proof. Let f : X ′ → X be a sequence of blow ups such that X ′ is regular, the
ramification locus of A on X ′ and the special fibre of X ′ is a union of regular curves
with normal crossings. By blowing up P , we assume that the dimension of the fibre
over P is 1. Let V be either the special fibre of f or the fibre over P , depending on
L = F or L = FP .
Suppose that Z(Lν) 6= ∅ for all divisorial discrete valuations ν of L. Since PGL(A)
is rational, factorization holds for PGL(A) over F ([12, Theorem 3.6.]). Thus, by
([13, Theorem 5.10 and Theorem 9.1] for the case L = F and 10.4 for the case
L = FP ), it is enough to show that Z(Fx) 6= ∅ for all x ∈ V .
Let x ∈ V . Suppose x is a generic point of V . Then x defines a divisorial discrete
valuation νx of L and Lx = Lνx . Hence Z(Lx) 6= ∅.
Suppose x = Q is a closed point of V . Then, by the choice of X ′, the local ring RQ
at Q on X ′ is generated by (π, δ) such that A is unramified on RQ except possibly
at (π) and (δ).
Let n = deg(A). Then Z is isomorphic to X(n1, · · · , nr) for some sequence of
integers 0 < n1 < · · · < nr < n (cf. [22, §5]). Let d be the lcm of n1, · · · , nr, n.
Then, for any field extension M/F , Z(M) 6= ∅ if and only if ind(A⊗F M) divides d.
(cf. [22, 5.3]).
Let νπ be the discrete valuation given by π on L and Lνπ the completion of L at
νπ. Since νπ is a divisorial discrete valuation of L, Z(Lνπ) 6= ∅. Hence ind(A⊗F Lνπ)
divides d. Since Lνπ ⊆ LQ,π, ind(A⊗F LQ,π) divides d. Since, by ([27, Corollary 5.6]),
ind(A⊗F LQ) = ind(A⊗F LQ,π), ind(A⊗F LQ) divides d. Hence Z(LQ) 6= ∅. 
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Corollary 11.2. Let K be a local field with residue field κ and F the function field of
a smooth projective curve over K. Let A be a central simple algebra over F of index
coprime to char(k). Let X be normal proper model of F over the valuation ring of
K and P ∈ X be a closed point. Let L be the field F or FP . Then ind(A⊗F L) =
lcm{ind(A⊗F Lν) | ν a divisorial discrete valuation of L}.
Proof. Let d = lcm{ind(A ⊗F Lν) | ν a divisorial discrete valuation of L}. Then
clearly d divides ind(A ⊗F L). Thus it is enough to show that ind(A ⊗F L) divides
d.
Let Z = X(d). Since for every divisorial discrete valuation ν of L, ind(A ⊗F Lν)
divides d, Z(Fν) 6= ∅ (cf. [22, 5.3]). Hence, by (11.1), Z(L) 6= ∅. Thus ind(A⊗F L)
divides d (cf. [22, 5.3]). 
Corollary 11.3. Let K be a local field with residue field κ and F the function field of
a smooth projective curve over K. Let A be a central simple algebra over F of index
coprime to char(k). Let X be a regular proper model of F over the valuation ring
of K and P ∈ X be a closed point. Let L be the field F or FP . Let G = GL(A) and
Z be a projective homogeneous space under G over L. If Z(Lν) 6= ∅ for all divisorial
discrete valuation of L, then Z(L) 6= ∅.
Proof. Since the projective homogeneous spaces under GL(A) are in bijection with
the projective homogeneous spaces under PGL(A) ([5, Theorem 2.20(i)]), the corol-
lary follows from (11.1). 
12. Local global principle for homogeneous spaces under unitary
groups
Let K be a local field with residue field κ of characteristic not 2 and F0 the
function field of a smooth projective curve over K. Let F/F0 be a quadratic field
extension. Let A be a central simple algebra over F with an involution σ of second
kind and F σ = F0. Let (V, h) be an hermitian form over (A, σ) and G = U(A, σ, h).
If ind(A) = 1, then the validity of the conjecture 1 for G is a consequence of results
proved in ([8]). If ind(A) = 2, Wu ([34]) proved the validity of Conjecture 1 for G.
In this section we dispense with the condition ind(A) ≤ 2 for the good characteristic
case.
We begin by recalling the structure of projective homogeneous spaces under a
unitary group over any field. Let F0 be a field and F/F0 a separable quadratic
extension. Let A be a central simple algebra over F of degree n with an involution
σ of second kind and F σ = F0. Let (V, h) be an hermitian form over (A, σ) and
G = U(A, σ, h).
Let W be a finitely generated module over A. The reduced dimension rdimA(W )
of W over A is defined as dimF (W )/n ([18, Definition 1.9]). For 0 < n1 < · · · <
nr ≤ n/2 a sequence of integers and for any field extesnion L/F , let
X(n1, · · · , nr) = {(W1, · · · ,Wr) | {0} (W1 ( · · · (Wr,Wi a totally
isotropic subspace of V with rdimFWi = ni}.
We recall the following from ([22], [23], cf. [34, §2]).
Theorem 12.1. Let F0 be a field and F/F0 a separable quadratic extension. Let A
be a central simple algebra over F of degree n with an involution σ of second kind
and F σ = F0. Let (V, h) be an hermitian form over (A, σ) and G = U(A, σ, h). Then
i) A projective variety X over F0 is a projective homogeneous space under G over F0
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if and only if X ≃ X(n1, · · · , nr) for some increasing sequence of integers 0 < n1 <
· · · < nr ≤ n/2.
ii) For any field extension L/F0, X(n1, · · · , nr)(L) 6= ∅ if and only if X(nr)(L) 6= ∅
and ind(AL) divides ni for all i.
iii) If A = Mr(D) for some central simple algebra over F and G0 = SU(D, σ0)
for some unitary involution σ0 on D, then there is a bijection assigning projective
homogeneous spaces X under G and to projective homogeneous spaces X0 under G0.
Further for any field extension L/F0, X(L) 6= ∅ if and only is X0(L) 6= ∅.
Theorem 12.2. Let K be a local field with residue field κ. Let F0 be the function
field of a curve over K. Let F/F0 be a quadratic extension and A be a central simple
algebra over F with an F/F0- involution σ. Suppose that 2 ind(A) is coprime to
char(κ). Let h be an hermitian form over (A, σ) and G = U(A, σ, h). If A = F ,
then assume that rank of h is at least 2. Let Z be a projective homogeneous space
under G over F . Let X0 be a normal proper model of F0 and P ∈ X0 be a closed
point with F ⊗F0 F0P a field. If Z(F0ν) 6= ∅ for all divisorial discrete valuations ν of
F0, then Z(F0P ) 6= ∅.
Proof. Let n be the degree of A. Since Z is a projective homogeneous space under G,
by (12.1), Z ≃ X(n1, · · · , nr) for some sequence of integers 0 < n1 < · · · < nr ≤ n/2.
Suppose that Z(F0ν) 6= ∅ for all divisorial discrete valuations ν of F0. Then, by
(12.1), ind(A⊗F0 F0ν) divides ni for all i. Since K is a local field, it follows from [27,
Proposition 5.10] and [12, Theorem 5.5]) that ind(A) is the lcm of ind(A⊗F0 F0ν) as
ν varies over all divisorial discrete valuations of F . Hence ind(A) divides ni for all
i. Thus, by (12.1), X(nr)(F0ν) 6= ∅ for all all divisorial discrete valuations ν of F .
To prove the theorem, by (12.1), it suffices to show that X(nr)(F0P ) 6= ∅. Thus we
assume that Z = X(m) with m = nr.
Let T be the valuation ring of K. Then there exists a sequence of blow ups
X ′0 → X0 such that the normalization X of X ′0 in F is regular and the ramification
locus of A on X and the special fibre of X is a union of regular curves with normal
crossings ([1], [19], cf. [34]). If necessary, by blowing up P , we assume that the fibre
V over P is of dimension 1. Then, by (10.4), it is enough to show that Z(F0x) 6= ∅
for all x ∈ V .
Let x ∈ V be a generic point. Then x gives a divisorial discrete valuation νx on
F0 such that F0x = Fνx . Hence Z(F0x) 6= ∅.
Let Q ∈ V be a closed point. We show that Z(F0Q) 6= ∅ by induction on ind(A⊗F0
F0Q). Suppose ind(A ⊗F0 F0Q) = 1. Then the hermitian form h corresponds to a
quadratic form over qh over F0Q such that h is isotropic over any field extension M of
FQ if and only if qh is isotropic overM ([31, Theorem 1.1, p. 348]). Since Z = X(m),
for every divisorial discrete valuation ν of F0, there is a totally isotropic subspace of
V ⊗F0 F0ν of dimension m. Thus to prove the theorem, it is enough to show that
there is a totally isotropic subspace of V ⊗F0 F0Q of dimension m. By induction on
dim(qh), it is enough to show that qh is isotropic over F0Q. By the assumption on
the rank of h, rank of qh is at least 4. Since for every (divisorial) discrete valuation ν
of F0 centered on Q, qh is isotropic over F0Qν , by ([15, Corollary 4.7]), qh is isotropic
over F0Q.
Suppose ind(A ⊗F0 F0Q) ≥ 2. Then by the choice of the model X ′0 , we have the
following:
i) the local ring RQ at Q on X
′
0 is regular with (π, δ) as the maximal ideal,
ii) F ⊗ F0Q = F0Q(
√
uπǫ) for some unit u ∈ RQ and ǫ = 0, 1,
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iii) A is unramified on the integral closure of RQ in F0Q(
√
uπǫ), except possibly at
π1 and δ, where π1 = π or
√
uπ depending on ǫ = 0 or 1.
Let DQ be the central division algebra over F ⊗F0 F0Q which is Brauer equivalent
to A ⊗F0 F0Q. The there is a unitary involution σQ on DQ and the hermitian form
(V, h) corresponds to a hermitian form (VQ, hQ) over DQ. By (12.1), ZF0Q = X(m)F0Q
corresponds to a projective homogeneous space ZQ = X(m
′) under U(DQ, σQ) for
some suitable m′ which is divisible by ind(DQ). Further to show that Z(F0Q) 6= ∅,
it is enough to show that ZQ(F0Q) 6= ∅.
Since ind(A ⊗F0 F0Q) ≥ 2, deg(DQ) ≥ 2. If deg(DQ) = 2, let Λ be the maximal
RQ-order of DQ as in ([34, Lemma 3.7]). If deg(DQ) ≥ 3, let Λ be the maximal
RQ-order of DQ as in (9.2). Since DQ is a division algebra, hQ ≃< a1, · · · , an > for
some ai ∈ ΛP . Once again there exists a sequence of blow ups X ′′0 → X ′0 such that
support of Nrd(ai) for all i is a union of regular curves with normal crossings ([1],
[19], cf. [34, §4]). Further, by blowing up, we also assume that X ′′0 satisfies i), ii)
and iii). Let V ′′ be the fibre over Q. Once again we assume that dim(V ′′) = 1. Thus
to show that ZQ(F0Q) 6= ∅, by (10.4), it is enough to show that ZQ(F0x) 6= ∅ for all
x ∈ V ′′.
Let x′ ∈ V ′′ be a generic point, then, as above, ZQ(F0x′) 6= ∅.
Let Q′ ∈ V ′′ be a closed point. Suppose that DQ⊗F0QF0Q′ is division. By (12.1), it
is enough to show that there is a totally isotropic subspace of VQ⊗F0Q′ of dimension
m′. By induction on the reduced dimension of VQ, it is enough to show that hQ is
isotropic over F0Q′ . Since X
′′
0 satisfies i), ii) and iii), the maximal ideal at Q
′ on
X
′′
0 is generated by (π, δ), hQ =< a1, · · · , an > for some ai ∈ ΛP with Nrd(ai) is
a supported along only π, δ, and hQ ⊗ F0Q′π is isotropic. Hence, by (9.5), hQ is
isotropic over F0Q′.
Suppose thatDQ⊗F0QF0Q′ is not division. Then ind(A⊗F0F0Q′) < ind(A⊗F0F0Q).
Hence, by induction, ZQ(F0Q′) 6= ∅. 
Theorem 12.3. Let K be a local field with residue field κ. Let F0 be a function
field of a curve over K. Let F/F0 be a quadratic extension and A a central simple
algebra over F of index n with an F/F0- involution σ. Suppose that 2n is coprime to
char(κ). Let h be an hermitian form over (A, σ). If A = F , then assume that rank
of h is at least 2. Let Z be a projective homogeneous space under U(A, σ, h) over F .
If Z(F0ν) 6= ∅ for all (divisorial) discrete valuations ν of F0, then Z(F0) 6= ∅.
Proof. Suppose Z(F0ν) 6= ∅ for all (divisorial) discrete valuations ν of F0. Let X0
be a normal proper model of F0 over the valuation ring of K such that the normal
closure of X0 and X0 the special fibre. Let x ∈ X0 be a codimension 0 point in X0.
Then F0x = F0νx for the discrete valuation νx of F0 given by x. Hence Z(F0x) 6= ∅.
Let P ∈ X0 be a closed point. We have A⊗F0F ≃ A1×Aop1 for some central simple
algebra A1/F ([18, Proposition 2.14]) and U(A, σ, h) ⊗ F ≃ GL(A1) ([18, p. 346]).
Suppose F⊗F0F0P is not a field. Then F ⊂ F0P and A⊗F0F0P ≃ A1⊗F0P×Aop1 ⊗F0.
Let X be the normal closure of X0 in F . Since F ⊗F0 F0P is not a field, there exists
a closed point Q of X such that FQ ≃ F0P . Hence, by (11.3), Z(F ⊗F0 F0P ) 6= ∅.
Suppose F ⊗F0 F0P is a field. Then, by (12.2), Z(F0P ) 6= ∅. Since U(A, σ, h) is
rational and connected ([21, p. 195, Lemma 1]), by ([13, Corollary 6.5 and Theorem
9.1]), Z(F0) 6= ∅. 
Theorem 12.4. Let K be a local field with residue field κ. Let F0 be a function
field of a curve over K. Let F/F0 be a quadratic extension and A a central simple
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algebra over F of index n with an F/F0- involution σ. Suppose that 2n is coprime
to char(κ). Let h be an hermitian form over (A, σ). Then the canonical map
H1(F0, U(A, σ, h))→
∏
ν∈ΩF0
H1(F0ν , U(A, σ, h))
has trivial kernel.
Proof. Let ξ ∈ H1(F0, U(A, σ, h)). Then ξ corresponds to a hermitian spaces h′ over
(A, σ) of reduced rank equal to the reduced rank of h. Let h0 = h ⊥ −h′ and m
the reduced rank of h. Let G = U(A, σ, h0) and Z = X(m). Then Z is a projective
homogeneous variety under G over F0. Suppose ξ maps to the trivial element in
H1(F0ν , U(A, σ, h)) for all (divisorial) discrete valuations ν of F0. Then h
′ ⊗ F0ν ≃
h ⊗ F0ν and hence h0 is hyperbolic. Thus Z(F0ν) 6= ∅ for all (divisorial) discrete
valuations ν of F0. Hence, by (12.3), Z(F0) 6= ∅. In particular h0 is hyperbolic.
Since the reduced rank of h and h′ are equal, h ≃ h′ and ξ is the trivial element in
H1(F0, U(A, σ, h)). 
13. Local global principle for special unitary groups - patching
setup
Let F0 be a field of characteristic not equal to 2 and F/F0 a quadratic étale
extension. Let A be a central simple algebra over F of degree n with an involution
σ of second kind and F σ = F0. Then we have an exact sequence of algebraic groups
1→ SU(A, σ)→ U(A, σ)→ R1F/F0(Gm)→ 1.
For any field extension L/F0, we have an induced exact sequence
U(A, σ)(L)→ (L⊗F0 F )∗1 → H1(L, SU(A, σ))→ H1(L, U(A, σ)) (⋆)
where (L ⊗F0 F )∗1 = R1F/F0(Gm)(L) is the subgroup of (L ⊗F0 F )∗ consisting of
norm one elements and the map U(A, σ)(L) → (L⊗F0 F )∗1 is given by the reduced
norm. Further the image of U(A, σ)(L) → (L ⊗F0 F )∗1 is equal to {θ−1σ(θ) | θ ∈
Nrd(A⊗F0 L∗)} ([18, p. 202]).
Let K be a local field with the residue field κ and F0 the function field of a smooth
projective curve over K. Let F/F0 be a separable quadratic extension. Let A be a
central simple algebra over F of degree n with an involution σ of second kind and
F σ = F0. Suppose that 2n is coprime to char(κ). In this section we show that there
is a local global principal for principal homogeneous spaces under SU(A, σ) over F0
in the patching setup (cf. 13.5).
Let µ ∈ F ∗. Let F = F0(
√
d), d ∈ F ∗0 . Let T be the valuation ring of K. Then
there exists a regular proper model X0 → Spec(T ) of F0 with the normalization
X of X0 in F regular and with the property that the special fibre X of X , the
ramification locus of F/F0 on X , the ramification locus of A on X and the support
of µ on X are a union of regular curves with normal crossings ([1], [19]). Let X0 be
the reduce special fibre of X0 and {η1, · · · , ηm} be the generic points of X0.
Let P0 be a finite set of closed points of X0 containing all the singular points of
X0 and at least one closed point from each irreducible component of X0. Let U0
be the set of irreducible components of X0 \ P0. We fix the data µ ∈ F ∗, X0,P0
and U0 for until (13.5). Let B0 be the set of branches at P0. Since X0 is a union
of regular curves with normal crossings, B0 is in bijection with pairs (P, U) with
P ∈ P0, U ∈ U0 and P is in the closure of U .
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Let η ∈ X0 be a generic point and P ∈ {η} a closed point. Then η defines a
discrete valuation νη on F0P . Then the completion of F0 at the restriction of νη to
F0 is denoted by F0η and the completion of F0P at νη denoted by F0P,η. The closed
point P induces a discrete valuation νP on the residue field κ(η) of F0η such that the
completion κ(η)P of κ(η) at νP is the residue field of F0P,η.
Let P ∈ X0 be a closed point and AP the local ring at P on X0. Since the
normalization of X0 in F is regular, d = πu or d = u for some π ∈ AP a regular
parameter and u ∈ AP a unit. Hence BP = AP [
√
d] is the integral closure of AP in
F0. Let δ ∈ AP be such that mP = (π, δ) be the maximal ideal of AP . If d = πu,
then BP is local and (
√
πu, δ) is the maximal ideal of BP . Suppose d = u a unit in
AP . If u is not a square in the residue field κ(P ), then BP is local and the maximal
ideal of BP is generated by π and δ.
We begin with the following.
Lemma 13.1. Let η be a generic point of X0 and S be a finite set of closed points
of {η}. For every P ∈ S, let θη,P ∈ F ∗0P,η be unit at η which is a reduced norm from
A ⊗ F0P,η. Then there exists θη ∈ F0η which is a reduced norm from A ⊗ F0η such
that θηθ
−1
η,P ∈ F ∗n0P,η for all P ∈ S.
Proof. Suppose Fη = F ⊗ F0η/F0η is a ramified field extension. Then by (6.3), there
exists an unramified algebra A0 over F0η such that A ⊗F0 F0η ≃ A0 ⊗F0η Fη. For
P ∈ S, let θη,P ∈ κ(η)∗P be the image of θη,P ∈ F ∗0P,η. We choose θη ∈ κ(η)∗ be
close to θη,P for all P ∈ S. Since A0 is unramified over F0η, its specialization B0 is a
central simple algebra over κ(η). Since κ(η) is a global field of positive characteristic,
by Hasse-Maass-Schilling theorem θη is a reduced norm from B0. Let θη ∈ F0η be a
lift of θη. Since F0η is complete, θη is a reduced norm from A0 ⊗F0 F0η and hence a
reduced norm from A⊗F Fη. Since θη is close to θη,P for all P ∈ S and n is coprime
to char(κ), θηθ
−1
η,P ∈ κ(η)∗nP for all P ∈ S. Since F0P,η is complete with residue field
κ(η)P , θηθ
−1
η,P ∈ F ∗n0P,η for all P ∈ S.
Suppose that Fη/F0η is an unramified field extension. Then the residue field κ˜(η)
of Fη is a quadratic extension of κ(η). Let (Lη, ση) be the residue of A at η. Since
the residue commutes with the corestriction, coresκ˜(η)/κ(η)(Lη, ση) = 0. Thus, by
(3.2), Lη/κ(η) is a dihedral extension. Since θη,P is a reduced norm from A⊗ F0P,η,
we have A · (θη,P ) = 0 ∈ H3(F ⊗ F0P,η, µn). Let θη,P be the image of θη,P in
the residue field κ(η)P of FP,η. By taking the residue of A · (θη,P ), we get that
(Lη, ση, θη,P ) = 0 (cf. [27, Proof of 4.7]). Hence θη,P is a norm from the extension
Lη ⊗κ(η) κ(η)P/κ˜(η) ⊗κ(η) κ(η)P . Since κ(η) is a global field, by (5.2), there exists
θη ∈ κ(η)∗ with θη a norm from Lη/κ˜(η) and θηθ−1η,P ∈ κ(η)∗nP .
Let θη ∈ F0η be a lift of θη ∈ κ(η). Then θηθ−1η,P ∈ F ∗n0P,η. Since θη is a norm from
Lη/κ˜(η), by (1.7), θη is a reduced norm from A⊗ F0η.
Suppose Fη = F ⊗F0 F0η is not a field. Then Fη ≃ F0η × F0η and A ⊗F0 F0η ≃
A1 × Aop1 , where Aop1 is the opposite algebra. Since θη,P ∈ F0P,η is a reduced norm
from A⊗F0P,η, θη,P is a reduced norm from A1⊗F0P,η. Then, as above, we can find
θη ∈ F0η such that θηθ−1η,P ∈ F ∗n0P,η and θη is a reduced norm from A1. Then θη is a
reduced norm from A⊗F0 F0η. 
Lemma 13.2. Suppose that for every generic point η of X0 there exists cη ∈ F ∗0η
such that µcη is a reduced norm from A ⊗ F0,η. Then for every generic point η of
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X0, there exists aη ∈ F ∗0η such that µaη is a reduced norm from A ⊗ F0η with the
following property: if η1 and η2 are two generic points of X0 and P ∈ {η1} ∩ {η2}
with F ⊗ F0P is a field, then there exists aP ∈ F ∗0P such that µaP is a reduced norm
from A⊗ F0P and aηia−1P ∈ F ∗n0P,ηi for = 1, 2.
Proof. Since the special fibre is a union of regular curves with normal crossings, for
a generic point η of X0, there exists πη ∈ F0 a parameter at η such that for every
closed point P ∈ {η1}∩ {η2} for any two distinct generic points η1 and η2 of X0, the
maximal ideal at P is (πη1 , πη2).
Suppose that for every generic point η of X0 there exists cη ∈ F0η such that µcη is
a reduced norm from A⊗ F0,η. For every generic point η of X0, let rη = νη(cη). For
every closed point P ∈ {η1} ∩ {η2} with F ⊗ F0P is a field, let aP = πrη1η1 πrη2η2 ∈ F ∗0P .
Let η be a generic point of X0. Let P ∈ {η} ∩ {η′} for some generic point η′ 6= η.
Suppose that F ⊗F0P is a field. By the choice of X0, F/F0 is unramified at P except
possibly at πη and πη′ . Since the maximal ideal at P is (πη, πη′), by ([27, Corollary
5.5]), F ⊗ F0P,η is a field. Since n is coprime to char(κ(P )), cη = uPπrηη πsPη′ (bP )n for
some sP ∈ Z, uP ∈ AˆP a unit and bP ∈ F ∗0P,η (cf. 8.1). Let θη,P = u−1P π
rη′−sP
η′ . Since
F ⊗F0 F0P is a field, θη,P is a reduced norm from A ⊗F0 F0P,η (7.2). Since θη,P is a
unit at η, by (13.1), there exists θη ∈ F0η which is a reduced norm from A⊗F0η such
that θηθ
−1
η,P ∈ F ∗n0P,η.
Let aη = cηθη. Since µcη and θη are reduced norms from A⊗F0η, µaη is a reduced
norm from A⊗ F0η. Let P ∈ {η} ∩ {η′} for some generic point η′ 6= η with F ⊗ F0P
is a field. Then, by the choice of aη, we have aη = π
rη
η π
rη′
η′ modulo F
∗n
0P,η. Hence
aηa
−1
P ∈ F ∗n0P,η. 
Lemma 13.3. Let η1 and η2 be two distinct generic points of X0. Suppose P ∈
{η1}∩{η2} is a closed point with F ⊗F0P is not a field. Suppose there exist aηi ∈ F ∗ηi
with µaηi is a reduced norm from A ⊗ F0ηi. Then there exists aP ∈ F ∗0P such that
µaP is a reduced norm from A⊗ F0P and aηia−1P ∈ F ∗n0P,ηi for i = 1, 2.
Proof. Since F ⊗ F0P is not a field and coresF/F0(A) = 0, F ⊗ F0P ≃ F0P × F0P and
A⊗F0P ≃ A1×Aop1 for some central simple algebra A1 over F0P . Write µ = (µ1, µ2).
Since aηiµ is a reduced norm from A⊗Fηiand aηi ∈ F ∗0ηi , aηiµ1 and µ1µ−12 are reduced
norms from A1 ⊗ F0P,ηi . Since by the choice of X0, the support of µ on X and the
ramification locus of A on X is a union of regular curves with normal crossings, by
(8.3), µ1µ
−1
2 is a reduced norm from A1 ⊗ F0P .
The generic points η1 and η2 give discrete valuations ν1 and ν2 on F0P with com-
pletions F0η1,P and F0η2,P . Let zi ∈ A1 ⊗ F0P,ηi with reduced norm aηiµ1. Let
z ∈ A1 ⊗ F0P be close to zi for i = 1, 2. Let aP = µ−11 Nrd(z) ∈ F0P . Then µ1aP is
a reduced norm from A1 ⊗ F0P . Since z is close to zi and Nrd(zi) = aηiµ1, Nrd(z)
is close to aηiµ1. Hence aP is close to aηi . Therefore aηia
−1
P ∈ F ∗n0P,ηi. Since µ1µ−12 is
a reduced norm and aPµ1 is a reduced norm, aPµ2 is a reduced norm. In particular
aPµ is a reduced norm. 
Lemma 13.4. Let η be a generic point of X0 and P ∈ {η} a closed point. Suppose
there exist aη ∈ Fη with µaη is a reduced norm from A ⊗ F0η. Then there exists
aP ∈ F ∗0P such that µaP is a reduced norm from A⊗ F0P and aηa−1P ∈ F ∗n0P,η.
Proof. Suppose that F ⊗F0P is a field. Then, by the choice of X0 and by (8.4), there
exists aP ∈ F0P such that µaP is a reduced norm from A⊗ F0P and aηa−1P ∈ F n0U,P .
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Suppose F ⊗ F0P is a not field. Then, we get the required aP as in the proof of
(13.3). 
Theorem 13.5. Let K be a local field with the residue field κ and valuation ring T .
Let F0 be the function field of a smooth projective curve over K and F/F0 a separable
quadratic extension. Let A be a central simple algebra over F of degree n with an
involution σ of second kind and F σ = F0. Suppose that 2n is coprime to char(κ).
Let X0 → Spec(T ) be a proper normal model of F0 with special fibre X0. Let P0 be
a finite set of closed points of X0 containing all the singular points of X0 and U0 the
set of irreducible components of X0 \P0. Then the canonical map
H1(F0, SU(A, σ)→
∏
U∈U0
H1(F0U , SU(A, σ))×
∏
P∈P0
H1(F0P , SU(A, σ))
has trivial kernel.
Proof. Let ξ ∈ H1(F0, SU(A, σ)). Suppose that ξ maps to 0 in H1(F0x, SU(A, σ))
for all x ∈ U0 ∪P0. Since U(A, σ) is rational and connected ([21, p. 195, Lemma
1]), by ([12, Theorem 3.7]), ξ maps to 0 in H1(F0, U(A, σ)). Hence from the exact
sequence (⋆ of §13), there exists λ ∈ F ∗1 such that λ maps to ξ in H1(F0, SU(A, σ).
Let µ ∈ F ∗ be such that λ = µ−1σ(µ). Since ξ maps to 0 in H1(F0U , SU(A, σ)),
there exists cU ∈ F0U such that cUµ is a reduced norm from A⊗F0 F0U (cf. ([18, p.
202])).
Then, there exists a sequence of blow-ups X ′0 → X0 such that X ′0 is regular,
the integral closure X ′ of X ′0 in F is regular and the union of the special fibre of
X ′, the ramification locus of A on X ′ and the support of µ on X ′ is a union of
regular curves with normal crossings. Let P ′0 be a finite set of closed points of X
′
0
containing all the singular points of the special fibre X ′0 of X
′
0 and at least one closed
point lying over points of P0. Let U
′
0 be the set of components of X
′
0 \P ′0. Then ξ
maps to 0 in H1(F0x′ , SU(A, σ)) for all x
′ ∈ P ′0 ∪U ′0 ([13, §5]). Thus, replacing X0
by X ′0 , we assume that the integral closure X of X0 in F is regular and the union
of the special fibre of X , the ramification locus of A on X and the support of µ on
X is a union of regular curves with normal crossings.
Let η be a generic point of X0. Then η ∈ Uη for some Uη ∈ U . Let cη = cUη . Since
F0Uη ⊂ F0η, cη ∈ F ∗0η and cηµ is a reduced norm from A⊗F0 F0η. Let aη ∈ F0η be as
in (13.2). Then, by Artin’s approximation ([3, Theorem 1.10], as in the proof of ([27,
Lemma 7.2]), there exists a nonempty open subset Vη of Uη such that aη ∈ F0Vη ([14,
Lemma 3.2.1]) and aηµ is a reduced norm from A ⊗F0 F0Vη . Let aVη = ahη ∈ F0Vη .
Let U ′ be the set of these Vη’s. Let P ′0 be the complement of the union of Vη’s in
X0. Then U
′ is the set of components of X0 \P ′0.
Let P ∈ P ′0. Suppose that P ∈ {η} ∩ {η′} for two distinct generic points η and
η′ of X0. Then P ∈ P0. If F ⊗ F0P is a field, then let aP ∈ F0P be as in (13.2).
If F ⊗ F0P is not a field, let aP ∈ F0P be as in (13.3). Suppose P ∈ {η} for some
generic point η of X0 and P 6∈ {η′} for all generic points η′ of X0 not equal to η. Let
aP ∈ F0P be as in (13.4).
Let (V, P ) be a branch. Then P ∈ V . By the choice of aP and aV , we have
aV a
−1
P = b
n
V,P for some bV,P ∈ F ∗0V,P . By ([13, Corollary 3.4]), for every x ∈ U ′0 ∪P ′0,
there exists bx ∈ F ∗0x such that bV,P = bV bP for all branches (V, P ).
For V ∈ U0, let a′V = aV b−nV and for P ∈ P ′0, let a′P = aP bnP . Then, we have
a′V = a
′
P ∈ F0V,P for all branches (V, P ). Hence there exists a′ ∈ F0 such that
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a′ = a′x ∈ F0x for all x ∈ U ′0 ∪ P ′0 ([13, §3]). Since µax is a reduced norm from
A ⊗ F0x for all x ∈ U ′0 ∪P ′0 and n is the degree of A, µa′x is a reduced norm from
A ⊗ F0x for all x ∈ U ′0 ∪ P ′0. Thus, by ([27, Corollary 11.2] and [13, Proposition
8.2]), µa′ is a reduced norm from A. Since λ = (µa′)−1σ(µa′), λ is in the image of
U(A, σ)(F0)→ F ∗1 and hence ξ is trivial. 
The following is immediate from (13.5) and ([13, Corollary 5.9])
Corollary 13.6. Let K be a local field with residue field κ. Let F0 be a function
field of a curve over K. Let F/F0 be a quadratic extension and A a central simple
algebra over F of index n with an F/F0- involution σ. Suppose that 2n is coprime
to char(κ). Then the canonical map
H1(F0, SU(A, σ))→
∏
x∈X0
H1(F0x, SU(A, σ))
has trivial kernel.
14. Local global principle for special unitary groups - discrete
valuations
Theorem 14.1. Let K be a local field with residue field κ. Let F0 be a function
field of a curve over K. Let F/F0 be a quadratic extension and A a central simple
algebra over F of index n with an F/F0- involution σ. Suppose that 2n is coprime
to char(κ). Then the canonical map
H1(F0, SU(A, σ))→
∏
ν∈ΩF0
H1(F0ν , SU(A, σ))
has trivial kernel.
Proof. Let ξ ∈ H1(F0, SU(A, σ)). Suppose that ξ maps to 0 in H1(F0ν , SU(A, σ))
for all ν ∈ ΩF0 . By (12.4), the image of ξ in H1(F0, U(A, σ)) is zero. Hence
from the exact sequence (⋆) of §13, there exists λ ∈ F ∗1 such that λ maps to ξ
in H1(F0, SU(A, σ). Write λ = µ
−1σ(µ) for some µ ∈ F ∗.
Let d ∈ F ∗0 be such that F = F0(
√
d). There exists a regular proper model X0 of
F0 such that the special fibre and the support of d is a union of regular curves with
normal crossings. Further the integral closure X of X0 in F has the property: X
is regular, the special fibre of X , the ramification locus of (A, σ), the support of d,
µ and λ is a union of regular curves with normal crossings (cf. [34]). Let X0 be the
special fibre of X0.
Let x ∈ X0 be codimension zero point. Then x gives a discrete valuation νx on F0
and F0x = F0νx . Hence ξ maps to zero in H
1(F0x, SU(A, σ)).
Let P ∈ X0 be a closed point. Let AP be the local ring at P and BP the integral
closure of AP in F . Since BP is regular, there is at most one irreducible curve of X
in the support of d which passes through P . Further there are at most two curves
passing through P which are in the union of special fibre of X ′, the support of µ
and ramification locus of A. Let x be one such curve and νx the discrete valuation
of F0 given by x. Then F0νx ⊂ F0P,νx and hence ξ maps to 0 in H1(F0P,νx, SU(A, σ)).
Since λ maps to ξ, there exists θx ∈ F0P,νx such that µθx ∈ Nrd(A ⊗ F0P,νx).
Hence, by (8.4), there exists θP ∈ F0P such that µθP ∈ Nrd(A⊗ FP ). In particular
ξ ⊗ FP is trivial. Hence, by (13.6), ξ is trivial. 
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15. Conjectures 1 and 2 for classical groups
In this section we prove the validity of Conjecture 1 and Conjecture 2 for all
groups of classical type in the good characteristic case. In fact we prove local global
principles for function fields of curves over any local field.
Theorem 15.1. Let K be a local field with residue field κ and F the function field of
a curve over K. Let G be a connected linear algebraic group over F of classical type
(D4 nontrialitarian) with char(κ) good for G. Let Z be a projective homogeneous
space under G over F . If Z(Fν) 6= ∅ for all divisorial discrete valuations of F , then
Z(Fν) 6= ∅.
Proof. Let Gss be the semisimplification of G/rad(G). Since G is of classical type,
there exists a central isogeny G1 × · · · × Gr → Gss with each Gi an almost simple
simply connected group of the classical type (D4 nontrialitarian) with char(κ) good.
It is well know that using the results of ([5, Theorem 2.20]) and ([23, Proposition
6.10]), one reduces to the case r = 1 (cf. proof of [34, Corollary 4.6]).
Let G be a connected linear algebraic group with an isogeny G′ → Gss for some
almost simple connected group G′ of classical type (D4 nontrialitarian). If G′ is of
type 1An, then the result follows from (11.1). If G
′ is of type 2An, then the result
follows from (12.3). If G′ is of type Bn, Cn or Dn, then the result follows from
([34]). 
Theorem 15.2. Let K be a local field with residue field κ and F the function field of
a curve over K. Let G be a semisimple simply connected linear algebraic group over
F with char(κ) is good for G. Suppose G is of the classical type (D4 nontrialitarian).
Let Z be a principal homogenous space under G over F . If Z(Fν) 6= ∅ for all divisorial
discrete valuations of F , then Z(Fν) 6= ∅. then Conjecture 2 holds for G.
Proof. For G of type Bn, Cn or Dn (D4 nontrialitarian), this result is proved in ([16]
and [29]).
Suppose G is of type 1An. Then G ≃ SL(A) for some central simple algebra A
over F and the principal homogeneous spaces under G are classified by H1(F,G) ≃
F ∗/Nrd(A). Since char(κ) is good for G, the degree of A is coprime to char(κ).
Hence the result follows from ([27, Corollary 11.2]).
Suppose G is of type 2An. Then there exists a separable quadratic extension
F/F0 and central simple algebra over F with an F/F0-involution σ such that G ≃
SU(A, σ). Since char(κ) is good for G, 2(deg(A)) is coprime to char(κ). Hence the
result follows from (14.1). 
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